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1. INTRODUCTION

1.1. Motivation. In [Gro99], Gromov motivated the study of quantitative homotopy theory
with a story, where he got different responses from two topologists about the same question
whether the universe is simply-connected. This discussion inspired Gromov to think, instead
of asking a ‘yes or no’ question, it can be more interesting to ask HOW simply-connected
a space is. In Figure 1, the space X is given by a 2-sphere attached with a tiny handle,
which is clearly not simply-connected. However, noticing how small the handle is compared
with the whole space X, one may think that X is ‘almost’ simply-connected in a reasonable
sense. In this paper, we provide a way to measure simply-connectedness in a similar spirit.

FIGURE 1. The space X given by a 2-sphere attached with a tiny handle.

1.2. Related work. In this section we overview related work.

Quantitative topology and persistence. The idea of topological persistence has inde-
pendently appeared in different settings. In a nutshell, via some functorial constructions
one assigns to a topological space X: (1) for every ¢ > 0 some space S.(X) and (2) for
every o = € an equivalence relation R,(X) on S.(X). For example, when X is a metric
space, then S.(X) could be the collection of k-cycles of its Vietoris-Rips complex VR (X)
and R,(X) the equivalence relation arising from two cycles (¢, ') € R,(X) whenever there
exists a (k + 1)-chain in R,(X) such that its boundary is the sum ¢ + ¢.
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Ideas of this type can already be found in the work of Borsuk in the 1940s. For instance,
in [Borb5, Section 3] Borsuk studies the transfer of certain scale dependent topological prop-
erties of compacta under a suitable metric.

Frosini and collaborators [Fro90, Fro92] and Robins [Rob99] identified ideas related to
concepts nowadays known under the term persistence in the the context of applications. From
an algorithmic perspective, the study of topological persistence was initiated by Edelsburnner
et al. in [FLZ00]. See the overviews [FFHO8, Car09, Ghr08, Weil 1], for more information.

Scale dependent invariants which blend topology with geometry have also been considered
by Gromov [Gro99, Gro07]. For example, in the late 1990s Gromov suggested the study
of homotopy invariants in a scale dependent manner. One question posed by Gromov was:
given a A-Lipschitz and contractible map f : X — Y between metric spaces X and Y,
determine the function A — A(X) such that there exists a A(A) null-homotopy of f. This
question can be interpreted as a homotopical version of the homological question posed at
the beginning of this section.

Homotopy groups and persistence. In the late 1990s Frosini and Mulazzani [FM99]
considered a construction which blended ideas related to persistence with homotopy groups.
Their construction dealt with pairs (M, ¢) where M is a closed manifold and ¢ = (1, ..., @) :
M — RF is a continuous function. In this setting, for ¢, € R* with (; < n; for all i they
considered a certain (¢, )-parametrized version of the fundamental group arising from con-
sidering equivalence classes of based loops in sublevel sets M; := {x € M|p;(x) < ¢, Vi}
under the equivalence relation: for o and 8 pointed loops in M, o ~, 3 iff there is a
(pointed) homotopy whose tracks remain in M,. These groups are then used in order to
obtain lower bounds for the so called natural pseudo distance between two manifolds. A
more comprehensive look at several related ideas is carried out by Frosini in [Fro99].

In [Let12] in his study of knots, Letscher considered the scenario in which one is given a
filtration {X.}.~¢ of a path connected topological space X and for each ¢, > 0 he considered
the group 7T§5) (X) consisting of equivalence classes of (based) loops contained in X, under
the equivalence relation stating that two loops in X, are equivalent iff there is a homotopy
between them which is fully contained in X, .

In [BCW14] Barceld et al. introduced a certain scale dependent notion of discrete ho-
motopy groups associated to metric spaces via the study of 1-Lipschitz maps from n-cubes
into the metric space in question. Barcel6 et. al explicitly studied the behaviour of their
invariants under scale coarsening.

In his dissertation [Will1], Wilkins studies a certain notion of discrete fundamental group
which he uses to in turn induce a notion of critical values of a metric space. This notion
differs from the one introduced in [BCWI14] in that the respective notions of homotopies
between discrete loops are different.

The notion studied by Wilkins originated in work by Berestovskii and Plaut [BP01] in
the context of topological groups and subsequently extended in [BP07] to the setting of
uniform spaces. In [BP07] the authors also consider discrete fundamental groups as an
inverse system and study its inverse limit. See [Pla07, Page 599, Plaut] for a discussion
about the relationship between Vietoris-Rips complex and discrete fundamental groups.

In [BL17, Section 8.1] Blumberg and Lesnick define persistent homotopy groups of R-
spaces (in a way somewhat different from Letscher’s) and formulate certain persistent White-
head conjectures. In [BPV19] Batan, Pamuk and Varli study a certain persistent version of
Van-Kampen’s theorem for Letscher’s definition of persistent homotopy groups of R-spaces.
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In [Ricl7] Rieser studies a certain version of discrete homotopy groups of Cech closure
spaces. A Cech closure space is a set equipped with a Cech closure operator, which is a
concept similar to that of a topological closure operator except that it is not required to be
idempotent. Given a finite metric space X, a way of obtaining Cech closure operators is the
following: for each 7 > 0 let ¢, be a map between subsets of X such that ¢,.(4) = {r € X :
d(z,A) < r} for each A = X. The author shows that each ¢, is a Cech closure operator
and the identity map (X, ¢,) — (X, ¢,) induces maps (2" : 7, (X, ¢,) — (X, ¢,) for every
g <rand n > 0. Then he defines the persistent homotopy groups of X to be the collection
{Em(117)} 0.

In [Jar19] Jardine utilizes poset theoretic ideas to study Vietoris-Rips complexes (and some
variants) associated to data sets and provides explicit conditions for the poset morphism
induced by an inclusion of data sets to be quantifiably close to a homotopy equivalence.
Jardine also considers persistent fundamental groupoids and higher-dimensional persistent
homotopy in the lecture notes [Jar20].

1.3. Overview of our results. We consider three different definitions of persistent funda-
mental groups. One of them, denoted PH?" arises from isometrically embedding a given
metric space X, via the so called Kuratowski embedding, into L*(X) and then applying
the m; functor to successive thickenings X¢ of X inside L*(X), cf. Definition 5.5. This
definition is similar in spirit to the construction used by Gromov for defining the so-called
filling radius invariant [G"83]. Another definition, denoted PHYR" we consider stems from
simply considering the geometric realization of nested Vietoris-Rips simplicial complexes for
different choices of the scale parameter and then applying the 7 functor, cf. Definition
5.7. The third, more combinatorial, definition (cf. Definition 5.2) which we consider is one
coming from the work of Plaut and Wilkins [PW13] (see also Barcelo et al [BCW14]). This
construction, denoted simply PII], turns out to be isomorphic to the edge path groups of
the nested Vietoris-Rips simplicial complexes used in the previous definition (see Theorem
5.12).

All these three definitions can be constructed in two versions: the open version and the
close version, which will be specified with the supscripts < and < respectively. Throughout
this paper, we mainly work on the closed version and will omit the supscripts unless necessary.
Now we observe that these three definitions give rise to isomorphic persistent fundamental
groups.

Theorem 5.12 (Isomorphisms of persistent fundamental groups). Given a pointed compact
metric space (X, zg), we have

PITN* (X, zo) = PIIY™2 (X, 20) = PII>* (X, 20), (2)

where the second isomorphism is true in either version, and the first isomorphism is true for
the open version and for the closed version with X a finite metric space. In either version,
PIIN* (X, x0) and PIL™** (X, xo) have homotopy-interleaving distance zero.

For a given compact metric space X and a base point g € X denote

@6’51 6/
PHl(X,Jjo) = {ﬂ'i(X, Z’Q) —> T (X,.%o)}

e'=e>0
It is not difficult to see that under fairly mild assumptions, the structure maps &, of
persistent fundamental groups of a geodesic space X are surjective and that for sufficiently
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small scale parameters the groups involved in the persistent fundamental group of X are
isomorphic to its fundamental group m;(X). These two facts when combined suggest that
as the scale parameter increases homotopy classes in X can only become equal (no new
classes can appear), thus suggesting an existence of a tree-like structure (i.e. a dendrogram)
underlying PII;(X). For instance, when X is S!, the geodesic unit circle, associated to
PII;(S') we have a dendrogram over m;(S') =~ Z shown in Figure 2. The general situation is
stated in the theorem below.

3+
2 F
—~ 17
2 of
S | 22
924
3+

FIGURE 2. The dendrogram associated to PII;(S!). The y-axis represents
elements of 7 (S') =~ Z, i.e., homotopy classes of continuous loops in S! (each
corresponds to an integer).

Theorem 5.15 (Dendrogram over 71 (X)). Let a compact geodesic metric space X be semi-
locally simply connected (s.l.s.c.). Then there is a dendrogram 0., (x) over m(X), given by

m(X), ife>0
fri0)(€) 1= {WlEX; i;e Z 0.

Dendrograms over a given set can be bijectively associated with an ultrametric over the
set. In this sense one can view the map X — 0, (x) described in the theorem above as a map
from Gromov-Hausdorff space into itself. We prove that this endomorphism is 2-Lipschitz.

Theorem 6.2 (dgg-stability for 0, (). If compact geodesic metric spaces X and Y are
s.l.s.c., then

dart (10Xt 00 ) 5 (M), ) ) < 2 den( X, V).

Of the three definitions of persistent fundamental groups given above, two of them can
be generalized to the case of general homotopy groups thus giving rise to PIIY and PIIYR
as persistent versions of m,. As for the case of n = 1 described in Theorem 5.12, we
still have that PHE" ~ PHZR’2', as well as the ismorphism of persistent homology groups
PHE® ~ PHYR2* (cf. Corollary 5.11). We furthermore have that under the interleaving
distance (cf. Definition 3.8) the map from compact metric spaces into persistent groups
X + PIIX(X) is 1-Lipschitz.

Theorem 6.1 (di-stability for PII (e) and PIIY®(e)). Let (X, x0) and (Y,yo) be pointed
compact metric spaces. Then, for each n € Z=1,

dy (PHS(X’ xO)? PHE(Yv yo)) < dgtH((X? xO)? (Yv yo))'
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If X and Y are chain-connected, then
dy (PILS (X), PIL (V) < den(X,Y).

Via the isomorphism PIIN® = PIIY®?* | the above two inequalities also hold for PIIYR(e), up
to a factor %

We relate persistent fundamental groups to the standard persistent homology groups via
a suitable version of the Hurewicz Theorem.

Theorem 5.31 (Persistent Hurewicz Theorem). Let X be a chain-connected metric space.
Then there is a natural transformation

PIIY(X) £ PHY(X),
where for each € > 0, p, is surjective and ker(p,) is the commutator group of PIIL(X).

The persistent fundamental group of a metric space X often contains more information
than the corresponding first Kuratowski (or Vietoris-Rips) persistent homology group. In
Example 6.6 from §6.1, we compare the torus S! x S' with the wedge sum S! v S and obtain
that PHY(S! x §') = PHX(S! v §Y), but

dy (PIIY (S' x '), PIIY (S' v SY)) = g = supd; (PH}; (S' x S') ,PHy; (S' v S")),
nz=0
where the supremum on the right hand side is attained for n = 2.

1.4. Organization of the paper. In §2 we provide a notation key to facilitate reading the
paper.

In §3 we review elements from category theory, metric geometry, and topology which will
be used throughout the paper. In particular §3.4 provides the necessary background about
persistent homology, the interleaving distance, and related concepts.

In §4 we review the concept of discrete fundamental groups from the work of Plaut and
Wilkins [PW13] and Barcelo et al. [BCWI4], and prove the discretization theorem (cf.
Theorem 4.19), which states that the limit of discrete fundamental groups is the classical
fundamental group for tame enough spaces. Moreover, §4.4 constructs a stable (under the

Gromov-Hausdorff distance of metric spaces) pseudo-metric ug) on the set L£(X,xg) of all
discrete chains in a metric space X. When X has a discrete and bounded set of critical
values (as defined by [Willl, Definition 2.3.4]), the metric ugp arises from a generalized
subdendrogram over £(X, x).

In §5.1 the definitions of the persistent homotopy groups PII;(e), PITY®(e) and PIIX (e)
are given, together with their main properties and the proof of Theorem 5.12. To handle
the high-dimensional homotopy groups of spheres that appear in the calculation of PHE(SI),
we tensor PITX(S!) with rational numbers Q to generate computable rational persistent
homotopy groups. In §5.2, we prove Theorem 5.15, and show that the ultrametric on m(X)
associated to the dendrogram 0, (x) is stable when the underlying spaces are homotopy
equivalent, cf. Theorem 5.19, together with an application on Riemannian manifolds. In
§5.3 (resp. §5.4), we see that persistent fundamental groups under products (resp. wedge
sums) of metric spaces are products (resp. coproducts) of persistent fundamental groups. In
§5.5, a persistent version of Hurewicz theorem is proved, cf. Theorem 5.31.

In §6 we address the question of stability of persistent homotopy groups and prove The-
orems 6.2 and 6.1. As an application of the stability results, we study three pairs of metric
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spaces: S! x St vs. St v St S x S™ vs. St v S™ and St x St vs. St v St v §?, where S™
is the geodesic unit m-sphere. In the examples involving m-spheres for m > 1, PH% (or
PHE) are restricted to some interval I,,. While PHX |; = fails to separate the two spaces
in each case, PIIX |, provides a positive lower bound for the Gromov-Hausdorff distance.
In §6.2, an alternative proof, more constructive and independent of the notion of persistent
K-fundamental groups, of the case n = 1 in Theorem 6.1 is given.

In §7, we apply stability theorems given in §6 to finite metrics spaces, and give examples
of the generalized subdendrograms obtained in §4. We first prove that finite tree metric
spaces have the trivial persistent fundamental group. In §7.1, we construct the generalized
subdendrograms of cycle graphs (), and star graphs .5,,, where the graphs are endowed with
the shortest-path distance. We compute dgu(Chp, Sy,) as a function of m, which grows at the
same rate with +m. Meanwhile, the interleaving distance between PII;(C,,) and PII;(S,)
grows at rate of %Qm, which provides a fair approximation of dgu(Cy, S,) and is much easier
to calculate. In §7.2, we study the finite metrics spaces %”C'g and 5Cy as metric subspaces
of S, by computing several types of distances constructed in this paper. In this particular
example, ,ugl) provides a slightly better lower bound of dgy (%”03, §C4) than the d; between
persistent fundamental (or 1st-homology) groups.

Acknowledgements. We thank Prof. C. Plaut for bringing to our attention his results [P1a07]
on connecting the discrete fundamental group construction of [Willl] to the Vietoris-Rips
complex (cf. Theorem 5.12). We also thank Prof J. Jardine for sharing his work on persistent
fundamental groupoids and Gunnar Carlsson for his suggestion that we consider (persistent)
rational homotopy groups.

This research was supported by NSF under grants DMS-1723003, CCF-1740761, and CCF-
1526513.

2. NOTATION

Symbol Meaning

k A field.

C A category.

Top* The category of pointed compactly generated weakly Hausdorff topological spaces.
Vi Free-functor from the category of sets Set to the category of vector spaces Vec.
lim A Limit of a family of a diagram A, page 9.

MY The set of (pointed) compact metric spaces, page 10 (12).

df{( Hausdorff distance between subsets of the metric space X, page 11.

dcu Gromov-Hausdorff distance between pseudo-metric spaces, page 11.

d%tH Pointed Gromov-Hausdorff distance between pseudo-metric spaces, page 12.
pc™<) The category of functors from (7, <) to C, for T' < R, page 13.

12

Isometry of metric spaces, or Homotopy equivalence of topological spaces, or

Isomorphism in PC(TS) or Grp.
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Hom? (V, W)
dy

dp

VR.(X)
PR (x)
PHYR ()

0

dur
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The collection of homorphisms from V to W in PC(T’g), page 13.

The collection of homorphisms of degree § from V to W in PC (1<)

, page 13.
Interleaving distance between functors, Definition 3.8.

bottleneck distance between multisets of points in R?, page 14.

a filtration of X given by Vietoris—Rips complexes, page 15.

k-th (simplicial) homology group of VR(X) with coefficients in Z, page 15.
k-th persistent homology of X, page 15.

Weak homotopy equivalence between topological spaces or R-spaces, page 15.
Homotopy interleaving distance between functors, Definition 3.11.
Ultrametric induced by the dendrogram 64 on a set A, page 16.
Pseudo-ultrametric induced by 6% on a set A, page 17.

The persistent set induced by a metric space X on Page 17.

The set {0,--- ,n — 1} for a non-negative set n, page 19.

A pointed metric space.

The set of discrete loops on (X, xg), Proposition 4.9.

The set of e-loops on (X, xg), page 21.

Concatenation of two discrete chains o and o', page 21.

Discrete fundamental group at scale € of (X, zp), Definition 4.11.
Edge-path group of a simplicial complex K, page 22.

The set of critical values of a metric space X, page 25.

Persistent fundamental group of (X, zg), Definition 5.2.

71 (X, x0), page 22.

Interval (generalized) persistence module, page 13.

The e-thickening of a compact metric space X, Definition 5.4.

The n-th persistent K-homotopy group, Definition 5.5.

The n-th persistent K-homology group, Remark 5.6.

The n-th persistent VR-homotopy group, Definition 5.7.

The persistent edge-path group of Vietoris-Rips complexes, page 28.

3. BACKGROUND

3.1. Category Theory. Let k be a field. We denote the category of sets by Set, the
category of vector spaces over k by Vec, and the category of groups by Grp. Also, let Top
be the category of compactly generated weakly Hausdorff topological spaces [BL.17], and let
Top* be the category of pointed compactly generated weakly Hausdorff topological spaces.
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Let Vg be the free-functor from Set to Vec defined by Vi : A — Spany(A), the linear space
spanned by the set A over k.

Now we introduce the definitions of product, coproduct and limit in a category C. The
product of a family of objects (A;),e; indexed by a set J is an object ]_[jeJ A;j of C together
with morphisms p; : ] jes Aj — A;j satistying the following universal property: for any
object B and J-indexed family of morphisms f; : B — A;, there exists a unique morphism
[+ B — [1c; A4 such that the diagram

H]EJ A j

2

B—>A

commutes for all j € J.

The coproduct of a family of objects (A;),e; indexed by a set J is an object ]_[jEJ A; of
C together with morphisms i; : A; — [] jes Ay satistying the following universal property:
for any object B and J-indexed family of morphisms f; : A; — B, there exists a unique
morphism f : [ [, ; A; — B such that the diagram

H jeJ Aj

SIS

commutes for all j € J.

A small category is a category where the class of objects is a set. A functor from a small
category J to a category C is called a J-shaped diagram in C. Let J be a small category and
let A be a J-shaped diagram. The limit of A is an object lim A in C together with morphisms
p; :lim A — A(j) for each j € J such that p; = A(f;;) o p; for each map f;; : i — j and the
following universal property is satisfied: for any other (B, (¢;);es) such that ¢; = A(fi;) o ¢
for each f;;, there exists a unique morphism « : B — lim A such that the diagram

B
y lim A &
/ p;
A(0) A7) » AU)

commutes for every map f;;. For example, when C = Grp the limit of a J-shaped diagram
A is given by

. . . fipo .

lim A = {(aj)jeJ e[ [AG) : aj = fis(a), Vi =5 ]} 7

jed
equipped with natural projections p; : im A — A(j) by picking out the j-th component.
3.2. Metric Spaces and General Topology. Given a set X, an (extended) pseudo-metric
d on X is a function d : X x X — [0, +o0] such that for any z,y, z € X, the following holds:
e d(x,z)=0;
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o d(z,y) = d(y,z);

o d(x,z) <d(x,y) +d(y,2).
In this paper, the term pseudo-metric will be abused so that when the first condition is not
satisfied, we still call it a pseudo-metric. A metric d on X is a pseudo-metric such that
d(xz,y) = 0 if and only if x = y. A metric space is a pair (X, d) where X is a set and d is
a metric on X. A (pseudo) ultrametric d on X is a (pseudo) metric satisfying the strong
version of the triangle inequality:

d(z, 2) < max {d(z,y),d(y, 2)},Vz,y, 2 € X.

A finite metric space (X, dy) is called a tree metric space, if dy satisfies the following con-
dition (called the four-point condition):

dx(z1,23) + dx (22, v4) < max{dx(x1,x2) + dx(v3,24), dx (v3, 22) + dx (21, 24)},

for any xq, z9, x3, v4 € X. It is well-known that a metric space (X, dy) is a tree metric space
if and only if there is a tree T" with non-negative edge lengths whose nodes contain X such
that dx(x,y) = dr(x,y), where dr(z,y) is the length of the shortest path between z and y.

For a finite pseudo-metric space, its metric can be represented by a symmetric square
matrix containing the pairwise distance between elements, called the distance matriz. The
metric space with exactly one point is called the one-point metric space and is denoted by =.
Given two pseudo-metric spaces (X,dx) and (Y,dy), amap f: (X,dx) — (Y,dy) is called
distance-preserving if dx(z,z') = dy(f(x), f(2')) for all ;2" € X. A bijective distance-
preserving map is called an isometry. Two pseudo-metric spaces are isometric and denoted
by X =Y, if there exists an isometry between them.

Let (X, dx) be a metric space. For A ¢ X, we define the diameter of A to be

diam(A) := sup{dx(z,y) : x,y € A}.

If z and Z are two points in X such that dx(z,Z) = diam(X), then we say that Z is an
antipode of x. Given x € X, we define the eccentricity of x in X to be

ecc(x) = sup{dx(x,y) : y € X}.
The radius of X is defined to be
rad(X) := inf{ecc(x) : x € X}.

It is not hard to see that diam(X) = sup{ecc(x) : x € X} and rad(X) < diam(X). We call
a point x € X a center of X, if ecc(z) = rad(X). Centers of a metric space may not be
unique. When X is compact, the existence of centers is guaranteed.

Let M be the collection of all compact metric spaces. For (X,dx) € M, we denote by
B(z,r) the open ball of radius r centered at z € X, and denote by A" the r-neighborhood of

aset Ain X, i.e.,
A= U B(z,r).
zeA
Let us recall the following definitions from Vigolo [Vigl8]. As a topological space with the
metric topology, X is wuniformly locally path connected (ul.p.c.) if for each € > 0 there
exists 0 > 0 such that for every x € X any two points in B(z,d) are connected by a path ~
with image completely contained in B(x,€). The space X is uniformly semi-locally simply
connected (u.s.l.s.c.) if there exists € > 0 small enough so that for every z € X, a loop with
image contained in B(z, €) is null-homotopic in X (but is not necessarily null-homotopic in

B(x,¢€)).
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We now review some properties of homology groups and homotopy groups from [Hat01].
Given two connected topological spaces X and Y, let X v Y denote the wedge sum (cf.
[HatO1, Page 10]) and let X x Y denote the product space. For each m > 1, denote by S™
the m-dimensional sphere S™.

Proposition 3.1. Letn > 1. Then, the following is true when homology groups are computed
with coefficients Z, or R.

(1) Hy(X vY) >~ H,(X)®H,(Y);
(2) if X andY are CW complexes, then there are natural short exact sequences

0— P HX)QH;(Y)) - H,(X xY) - P Tor(H;(X),H;_1(Y)) — 0

i+j=n i+j=n

and these sequences split.
(3) T (X xY) = m,(X) x m,(Y);
(4) m(X vY) = m(X)=m(Y), as a consequence of the van Kampen’s theorem. For

n =2,

(a) T, (St v S*) = Z[t,t7] the Laurent polynomials in t and t=*.

(b) Let S% := S™ for each a € A where A is a given set. Then m, (\/,Sk) = P, Z.

3.3. Gromov-Hausdorff Distance. We recall the definition of the Gromov-Hausdorff dis-
tance [BBBT01]. Let Z; and Zy be subspaces of a metric space (X,d). The Hausdorff
distance between Z; and Zs is defined to be

dy(Zy,Zy) :=1inf{r >0: Z, < Z; and Zo = Z}} .

For metric spaces (X, dx) and (Y, dy), the Gromov-Hausdorff distance between them is the
infimum of » > 0 for which there exist a metric spaces Z and two distance preserving maps
tx : X — Z and ¢y : Y — Z such that df(vx(X), vy (Y)) <r, ie.,

den(X,Y) = inf df; (Vx (X), ¥y (V).

Given two metric spaces (X, dy) and (Y, dy), the distortion of a map ¢ : X — Y is given
by

dis(¢) := sup |dx(z,2") — dy(p(2), p(2'))].

r,x'eX

For maps ¢ : X — Y and ¢ : Y — X their co-distortion is defined to be
COdiS<907¢) := Sup |dX(ZL',77Z)(y)) —dy<(,0<l’),y)|

zeX,yeY

Theorem 3.2 (Theorem 2.1, [KO97]). For two bounded metric spaces (X,dx) and (Y,dy),
deu(X,Y) = glf L max{dis(i), dis(1)), codis(ip, ¥)}.
P X —

v 2
VY > X

A tripod between two sets X and Y is a pair of surjections from another set Z to X and
Y respectively. We will express this by the diagram

R X2 7 " vy

For x € X and y € Y, by (z,y) € R we mean there exists z € Z such that ¢x(z) = = and
¢y(z) = y. When (X,dy) and (Y, dy) are pseudo-metric spaces, the distortion of a tripod
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R between X and Y is defined to be:
dis(R) := sup |dx(ox(2), ox(2)) — dy(dy(2), dv(2))].

2,2'€Z

Let R(X,Y) denote the collection of all tripods between X and Y. Clearly, a tripod R
satisfies the following property: for any x € X there exists at least one y € Y such that
(z,y) € R and for any y € Y there exists at least one = € X such that (z,y) € R.

Theorem 3.3 (Theorem 7.3.25, [BBB01]). For any two bounded metric spaces X and Y,
dGH<X, Y) = % inf dlS(R)

REM(X,Y)

Remark 3.4. In this theorem, the formula on the right-hand side applies to pseudo-metric
spaces (see [CM17, CMI18b]) as a generalization of the Gromov-Hausdorff distance. For this
reason, we still use the symbol dgy to denote this generalized distance.

Proposition 3.5 (p. 255, [BBB01]). For bounded metric spaces (X,dx) and (Y, dy),
3| diam(X) — diam(Y)| < deu(X,Y) < 3 max{diam(X), diam(Y)}.
In particular, if Y is the one-point metric space =, then
deu(X, *) = 5 diam(X).
The lower bound in Proposition 3.5 can be improved in the following case:

Proposition 3.6. Suppose (X,dx) € M is such that every x € X has an antipode. Let
(Y,dy) € M be such that rad(Y) < diam(X). Then

L (diam(X) — rad(Y)) < deu(X, Y). ()

Proof. Let yg be a center of Y. Suppose R is an arbitrary tripod between X and Y. Clearly,
there exists some x € X such that (x,y9) € R. Let Z be an antipode of z, i.e., dx(x,%) =
diam(X). There exists some y € Y such that (Z,y) € R. Therefore,

diam(X) —rad(Y) < dx(z, %) — dy (yo,y) < dis(R).
Since R is arbitrary, we can conclude that Equation (1) is true. 0

A pointed metric space (X, xg,dx ) is a metric space (X, dy) together with a distinguished
basepoint xg € X. For the sake of simplicity, we will omit the distance function dx and
denote a pointed metric space by (X, zg). Let MP' = {(X, zo)|zo € X, (X,dx) € M} be

the collection of all pointed compact metric spaces. Given basepoints g € X and yy € Y, a

. . . . ¢ ¢ _ _ .
pointed tripod is a tripod R : X X 7 "5 Y such that dx (7o) Ny (yo) is non-empty.

Let RP'((X, z0), (Y, 90)) denote the collection of pointed tripods between (X, o) and (Y, yo).
The pointed Gromov-Hausdorff distance between X and Y is defined to be

dpt X,I ) Y7 = 3 inf dis( ).
GH(( 0) ( yo)) 2 Re{RPt((X,LEO),(Yvyo)) ( )

It is clear that
dGH(Xv Y) = lnf dIC);H((Xa xO)? (}/7 yO))

LE()EX, yoGY



PERSISTENT HOMOTOPY GROUPS OF METRIC SPACES 13

3.4. Persistence Theory. We recall the definitions of persistence modules and the in-
terleaving distance, as well as the stability theorem for the interleaving distance and the
bottleneck distance, from [BL17, Oud15].

Let T = R,,R-, or R. Note that in any of the three cases there is a canonical poset
structure on 7', denoted by (7', <). Consequently, (7', <) can be viewed as a category whose
objects are real numbers and the set of morphisms from an object a to an object b consists
of a single morphism if a < b and is otherwise empty. Let C be any arbitrary category. The
collections of functors

V:(T,<)—C,
and natural transformations between functors forms a category denoted by PC'<) (see
[BS14, §2]). Recall that given two objects V and W of PC"S) | a natural transformation
from V to W
f: V=W,
also called a homomorphism from V to W, is a family of morphisms in C: {f; : V; = Wi }er
such that the diagram

Vg g

Vi —— Vy
e

W, W,

Wy

commutes for ¢t < /. If f; is an isomorphism in C for each ¢t € T, then the homomorphism
f is called a (natural) isomorphism between V and W, in which case we write V = W. The
collection of homomorphisms from V to W is denoted by Hom(V, W).

For an object A € C and an interval I < T, the interval (generalized) persistence module
A[I] is defined as follows: A[I] = 0 if I is empty and otherwise,

A, iftel,
0, otherwise,

(AL (1) = {

where (A[/])(s < t) = 1ds when s and ¢ are both in I, and (A[I])(s < t) = 0 otherwise.

Let § = 0. We define S5 : (T, <) — (T, <) to be the functor given by Ss(t) = t + § and
define 75 : Id(r,<y = Ss to be the natural transformation given by 7;(t) : t < ¢+ . Note that
Ss 0 Ss = Ssie and ns o ng = Nsys. A homomorphism of degree § from V to W is a natural
transformation

f:V=WolS;.

The collection of homorphisms of degree § from V to W is denoted by Hom’(V, W).

In this paper, we will consider several choices of C:

e C = Set yields PSet(T’g), whose objects are called persistent sets;

e C = Vec yields PVec™'S), whose objects are called persistence modules;
e C = Grp yields PGrp™¥), whose objects are called persistent groups:
e C = Top yields PTop™"S), whose objects are called T-spaces.

Definition 3.7 (Definition 3.1, [BS14]). An é-interleaving of V and W consists of natural
transformations f : V = Wo Ss and g : W = Vo S5 (ie, f € Hom’(V,W) and g €
Hom’ (W, V)) such that the following diagrams commute for all t € T":

(9S5)f = Vs and (fS;5)g = Wnps.
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If there exists a d-interleaving (V, W, f, g), then we say that V and W are d-interleaved.

In other words, a d-interleaving (V, W, f, g) consists of families of morphisms {f; : V;
Wissher and {g; : Wy — Viysher such that the following diagrams commute for all ¢ < ¢/

U ¢/ Viys,t/+6
Vi ——— Wy Viee —— Virys
ft/ gt

ft 9y

Wt+6 Wii5,4/45 th+5 Wi wy Wy
and
Ut t+28
Vi > Vigos Vits
gt fi+s
It gt+s

Wiss Wi Ty > Wisas

Definition 3.8. Let V and W be objects of PC™"S). The interleaving distance between V
and W is

di(V, W) :=inf{0 > 0:V and W are d-interleaved}.
Here we follow the convention that inf ¢J = +o00. A quick fact is that d; descends to a dis-
tance on isomorphism classes of objects in PCTS).

Persistence Modules and Persistence Diagrams. Let C = Vec and let T" = R,
unless otherwise specified. Recall from [Oud15] that a persistence module V is q-tame if
rank(vey : V; — Vi) < o0 whenever ¢ < t'. If a persistence module V can be decomposed as
a direct sum of interval modules (e.g. V is g-tame), say V = @,_; k(p;, ¢) where = indicates
whether the interval is half-open or not (see [CASGO16]), then its (undecorated) persistence
diagram is the multiset
dgm(V) = {(pl,ql> e L} - A

where A := {(r,r) : r € R} is the diagonal in the real plane.

The bottleneck distance between persistence diagrams, and more generally between multi-
sets A and B of points in R?, where R are the extended real numbers R U {+o0}, is defined
as follows:

dp(A, B) := inf {sup la —¢(a)]e : ¢: AU A* — B u A% a bijection } .

ae
Here |(p, q) — ¢/, @) | := max{|p—p'|, |¢ — ¢'|} for each p,q,p’,¢' € R and A™ is the multiset
consisting of each point on the diagonal {(r,r) : r € R} in the extended real plane, taken
with infinite multiplicity (see [CM18a]).
Theorem 3.9 (Theorem 5.14, [CASGO16)). Let V and W be q-tame persistence modules.
Then,

di(V, W) = dg(dgm(V), dgm(W)),

where dy(V, W) is defined in Definition 3.8 with C = Vec.
Vietoris-Rips Complexes. By first constructing a simplicial filtration out of a metric

space and then applying the simplicial homology functor, one obtains a persistence module
which encodes computable invariants of the original space. In this paper, we focus on the
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simplicial filtration given by Vietoris-Rips complexes, and recall the definitions from [AA17].
Suppose that (X, dyx) is a compact metric space and € is a non-negative real number. The
Vietoris—Rips complex VR.(X) is the simplicial complex with vertex set X, where

a finite subset o < X is a face of VR(X) iff diam(o) < e.

The collection {VR((X)}cs0 together with the natural simplicial inclusions forms a filtration
of X, denoted by VR,(X).

Let G be an Abelian group. Given k € Zs( and € > 0, let Cx(VR.(X); G) be the Abelian
group consisting of chains of the form ), n;0; where coefficients n; are taken from G and
each o; is a k-simplex in VR((X). Let 0 : Cx(VR(X); G) = Cr_1(VR(X); G) be the k-th
boundary operator. We denote by

PH™(X;G) := Hy(VR.(X); G)

the k-th (simplicial) homology group of VR, (X) with coefficients in G. Then {PH) (X G)}e=0
together with the maps induced by natural inclusions forms an object in PGrp®=0<), de-
noted by PHXR(X ;). The collection of these modules for k ranging over all dimensions is
called the persistent homology of X and denoted by PHY®(X;G). We will omit the coeffi-
cient group when G' = Z. When G = k is a field, PH/®(X;k) is a persistent module and it
is shown in [CdSO14] that if X is compact, then PHY®(X; k) is ¢-tame for all k € Zs,. The
persistence diagram corresponding to PHY®(X; k) is denoted by dgm,(X) for each k € Z,.

Theorem 3.10 (Stability Theorem for dg, [CCSGT09, CASO14]). Let (X,dx) and (Y, dy)
be from M. Then, for any k € Z~y,

d(PHY™(X;5k), PHYR (Y K)) = di(dgmy (X), dgmy(Y) < 2 - dau(X, V).

R-spaces and Homotopy Interleavings. Recall that Top is the category of compactly
generated weakly Hausdorff topological spaces, and an object in PTop™®<) is also called an
R-space (see [BL17]). Let X be an R-space. If for every t < s € R, the map X; — X, is
an inclusion, then we call X a filtration. Blumberg and Lesnick showed that the interleaving
distance between R-spaces is not homotopy invariant (see [BL17, Remark 3.3]), and then
defined homotopy interleavings between R-spaces as certain homotopy-invariant analogues
of interleavings.

Given two R-spaces X and Y, a natural transformation f : X = Y is an (objectwise)
weak equivalence if for each t € R, f; : X; — Y, is a weak homotopy equivalence, i.e., it
induces isomorphisms on all homotopy groups. The R-spaces X and Y are weakly equivalent,
denoted by X ~ Y, if there exists an R-space W and natural transformations f : W = X
and g : W =Y that are (objectwise) weak equivalences:

xLwy.
The relation X ~ Y is an equivalence relation (see [BL.17] for details). Given T' < R, we can
consider the restriction of any given R-space to T" and study 7T-spaces in a similar way. For

0 = 0, two R-spaces X and Y are §-homotopy-interleaved if there exist R-spaces X' ~ X and
Y ~ Y such that X’ and Y’ are d-interleaved, as in Definition 3.7 with C = Top.

Definition 3.11 (Homotopy interleaving distance). The homotopy interleaving distance be-
tween two R-spaces X and Y is given by

dpr(X,Y) :=inf {0 = 0: X, Y are -homotopy-interleaved} .
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Theorem 3.12 (Theorem 1.6, [BL17]). Given two compact metric spaces X andY , we have
dp(dgmy (X), dgmy (Y)) < dm([VR(X)], [VR.(Y)]) < 2 - dau(X,Y).

Here [VR.(X)| denotes the Rxg-space given by the geometric realizations of Vietoris-Rips
complezes of X.

3.5. Dendrograms and Generalized Subdendrograms. For this section, we refer to
[CM10]. Let A be a set, and let Part(A) be the set of partitions of A.

Definition 3.13. A dendrogram over A is a pair (A, 04), where 64 : R5y — Part(A) satisfies:
(1) If t < s, then G4(t) refines 4(s).
(2) For all r there exists 6 > 0 s.t. 04(r) = 04(t) for all t € [r,r + 4].
(3) There exists ¢y such that 4(t) is the single block partition for all ¢ > t,.
(4) 04(0) is the partition into singletons.

The following function on A x A defines an ultrametric on A (see [CNM10]): for any z, 2’ € A,

o, (x,2") := min{d : x and 2’ belong to the same block of 04(0)}.
Let (A,04) and (B,0p) be two dendrograms. Given 6 > 0, we say that the set maps
¢:A— Band: B — Aprovide a d-interleaving between 4 and Og iff forallz € A,y € B
and t > 0,

S((0)i') = ((x))rss and Y((y)F) = W(Y)iss:

where (x)#' represents the subset of A containing z in the partition 64(t). If such a §-
interleaving exists, we say that 64 and 6p are d-interleaved. The interleaving distance be-
tween dendrograms 64 and g is defined to be

di(04,0p) :=inf {6 > 0: A and B are d-interleaved} .

Remark 3.14. Notice that each dendrogram 6,4 can be viewed as an element of PSet, fol-
lowing from the definition of 64 and the fact that Part(A) is a subcategory of Set. Using
Definition 3.8, we can construct the interleaving distance, denoted by dP°®, between den-
drograms (A,04) and (B,0p). It turns out that di(04,05) = d¥°*(04,0p). Indeed, each
d-interleaving (¢ : A — B,1 : B — A) clearly induces a PSet-d-interleaving. Conversely,
given a PSet-d-interleaving (® : Part(A) — Part(B), ¥ : Part(B) — (A)), we can define
map ¢ : A —> B with a — b € ®(0)({a}), and similarly define ¢» : B — A. Although ¢
and 1 are not uniquely defined, it is not hard to see that the resulting (¢,1) is always a
d-interleaving regardless of the choices.

The functor Vy 004 : (R, <) — Vec, with Vi 004(t) = Vk(0a(t)) and Vi 0 04(t < s) =
Vi(04(t)) = Vi(0a(s)) induced by refinement of partitions, is then a persistence module.

Proposition 3.15 (§3.5, [CM10]). Let (A,04) and (B,0p) be two dendrograms. Then,
5 - (Vi 004, Vi 00p) < dcu((A, p,), (B, po,)) < di(04,05).
Proof. The first inequality follows from an argument in [CM10]. Assume dau((X, i, ), (Y, pog)) <

/2 for some 6 = 0. Then there are maps ¢ : A — B and ¢ : B — A such that

e if z and 2’ are in the same block of §4(t), then ¢(x) and ¢(z’) belong to the same
block of Op(t + §);

e if y and 7/ are in the same block of 05(t), then ¥ (y) and ¥ (y’) belong to the same
block of §4(t + 9).
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In other words, ¢ and ¥ induce homomorphisms of degree § on persistence modules Vy o 04
and Vg o fg, denoted by ¢s and s, respectively. Given t > 0, if z and 2z’ fall into the

same block of 04(t), then 1) o ¢(x),1 o ¢(x’) belong to the same block of 84(t + 24). Thus,
s 0 P5 = 1%?(()%. Similarly, we have ¢z 0 15 = 1%,?(093. Therefore, Vi 0 04 and Vi o O are
d-interleaved. Letting 6 N\, 2dau((A, wo,), (B, tg,)), the first inequality follows.

Suppose (¢, 1) is a d-interleaving between 64 and 6p. Clearly,

(Ida,9) (¥,1dB)

R:Aern—-—- AL B—-vs

forms a tripod between A and B, with distortion no larger than 2§. Therefore, the second
inequality is true. O

Given two sets A and B, let Py := {A;, -+, Ay} and Pg := {By, -, B;} be partitions of
A and B, respectively. We define the product of P4 and Pg to be
PAXPBZ{(A“B])1<Z<k’,1<]<l},

which is clearly a partition of A x B. In fact, the map (P4, Pg) — P4 x Pp gives an
embedding Part(A) x Part(B) — Part(A x B). For two dendrograms (A,0,4) and (B, 0p),
we define their product to be (A x B,64 x 0p), where

04 x 0p : Ryg — Part(A x B) with t — 64(t) x 0p(t).

It follows directly from Definition 3.13 that (A x B,04 x 0p) forms a dendrogram.
A subpartition of a set A is a partition of one of its subsets A’ = A. Let SubPart(A) be
the set of subpartitions of A.

Definition 3.16. A generalized subdendrogram of A is a pair (A, 65), where 65 : R, —
SubPart(A) satisfies:

(1’) If t < s, then 65(t) and 65(s) are partitions of A; and A, respectively, where A; <
As < A and 65(t) refines 05(s)|a, :=={B n Ay : Be 6(s)}.

(2) For all r there exists 6 > 0 s.t. 5(r) = 65(t) for all t € [r,r + 0].

(3) There exists to such that 65(¢) is the single block partition for all t > t.

Similarly, we consider the following function on A x A: for any x and 2z’ in A,
tg, (x,2") := min{0 = 0 : 2,2’ belong to the same block of §4(d)},
which turns out to be a pseudo-ultrametric.
Proposition 3.17. Let (A, 0%) and (B, 0%) be two generalized subdendrograms. Then
3 di(Vi 0 03, Vi o 0%) < deu((A, 15,), (B, 155,,))-

Proof. This follows from a similar proof with Proposition 3.15. 0

4. DISCRETE FUNDAMENTAL GROUPS

4.1. Persistent Sets. Given a compact metric space (X, dx) and € = 0, let 7§(X) = X/ ~§,
where z ~§ ' if there exists {x¢, - - - , z,,} © X such that zq = z,z,, = 2’ and dx (x;, x;11) < €.
For simplicity, we will write the sequence {zg, - ,x,} as xg---x,. For € > e > 0, there is a
natural map from 7§5(X) to 7§ (X) via [z]. ~ [7]e. The collection {PII5(X) := 7§(X)}es0
together with the natural maps forms a persistent set, i.e., an object in PSet®0<) denoted

by PIIy(X).
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Fact 4.1. Vi (PIIy(X)) = PHo(X; k).
Proof. Fix an € > 0. Clearly, the boundary operator
d1: C1(VR(X);k) = Ve({(z,2") € X x X 1 dx(z,2') < €}) = Co(VR(X); k) = W(X)
is given by (z,2") — x — 2. Thus, Im(0;) = Vi{z' — z : dx(z,2") < €} and
PHG(X:k) = Ho(VRe(X);k)
= (X)Wl —z :dx(z,2') < €}
=~ Ve(X/ ~§) = Vk(PIIH(X)).

In addition, the above isomorphisms form a natural ismorphism between Vi (PIIy(X)) and
PHy(X; k). O
Proposition 4.2. The following defines an ultrametric on X : for any x,x2' € X,
Oz, 2') = infle:a~§ ')
= inf{e: Haxg, - ,xn} < X 8.t kg = 2,2, = 2, dx (25, i11) < €}.
0)

Proof. Clearly, ug?)(x,x) = 0 and ,ug?) (x,2") = py (o', z) for all x and 2/ € X. It remains

to prove the strong triangle inequality. Given arbitrary x,y, z € X, suppose ¢; > ,ug?) (x,y)

and €; > pg?)(y,z). Let x---x; and xf---z2, be the sequences to realize  ~ y and
Y ~e, 2, respectively. Then xf-- -z} 22 .- is such that x§ = 2,23 = z and the distance
between adjacent points in that sequence is no larger than max{e;, e2}. By the minimality,
,ugg)(:p,z) < max{ey, €5}, Letting € N\, pg?)(a:,y) and e N\ pg?)(y,z), we obtain the strong

triangle inequality. O

A stability theorem for ugo) can be found in [CM10]. We include it here together with a
proof for pedagogical reasons: our proof of Theorem 4.23 will exhibit a similar pattern.

Theorem 4.3 (Stability Theorem for ). Given (X, dx) and (Y,dy) € M,

den ((X ugp) , (Y, u§9))) < dau(X,Y).

Proof. Let R : X N g Yy be an arbitrary tripod between X and Y. Given (z,y)

and (2/,y) in R, suppose € > /Lg?)(x,a:’) and xg- -, is a sequence to realize e. For each
0 < i < n—1, there exists some z; € Z such that ¢x(z;) = z;. Let y; = ¢y (z;). For

0<i1<n-—1,

dx (zi, ir1) + |dy (Yi, Yir1) — dx (25, Tiy1)]

e + dis(R),

where dis(R) denotes the distortion induced by dx and dy. Thus, {y = yo,y1, ** , Yn—1,Yn =
y'} is an (e + dis(R))-homotopy between y and y'. As e \ ug?) (x,2'), it follows that

,u§9)(y,y’) < ,ugg)(:c,:c’) + dis(R). Similarly, we can prove ug?)(a:,x’) < u@(y,y’) + dis(R).

Therefore,
d X (0) Y. (0) _ inf N ’
an (X, py), (Y py”)) reath o) (wyy){?;}f;,)e}{!ux (@, 2) = iy (9, ¥)]|

< & inf dis(R
2Rez)}%r(lx,y) is(R)

= deu(X,Y).

dy (i, Yiy1) <
<

(0) (0)

D=
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0
(0)

The following example is a case where pe~ gives a better approximation of the Gromov-
Hausdorff distance, compared to the bottelneck distance lower bound given by Theorem
3.10.

Example 4.4. Let X, := ({0,1},d.) be a metric space consisting of two points, where
d.(0,1) =1 + €. Since ug&) = d, we have

dGH ((Xevluggé)> ) (XOHU/g?g)) = dGH(XE’XO) — %7

for all € = 0. On the other hand, it is not hard to verify that dgm,(X.) = {(0, 1+¢), (0, +0)},
and thus,

%dB(dng(Xe),dng(Xo)) = min {%, %} <8,
where the inequality is strict when € > 1.

4.2. Discrete Fundamental Groups. Let us fix a parameter ¢ > 0, and adopt the con-
struction of discrete fundamental groups from [Willl]. An e-chain in (X,dx) is a finite
sequence of points v = xg---x, such that dyx(z;,x;11) < € for i = 0,--- ;n — 1. When
Ty = T, we say that v is an e-loop. The integer n is called the size of v, and written as
size(y). The reversal of v is the e-chain v™! := x,x, 1 - x9. The terms discrete chains
(resp. discrete loops) will refer to e-chains (resp. e-loops) for all € > 0. A subdivision of a
discrete chain 7 is a discrete chain which can be written as

0 = () () (),

where ¥ = z;, 2" = x;;; and zJ' € X for any ¢ and j; = 1,--- ,m; — 1. In this case, we

denote o/ > a or o < /.
A space X is e-connected if any two points z,y € X can be joined by an e-chain. If X is
e-connected for all € > 0, we say that X is chain-connected.

Lemma 4.5 (Lemma 2.1.1, [Willl]). Let X be a metric space.

e [f X is connected, then X is chain-connected.
e [f X 1is chain-connected and compact, then X is connected.

In [Willl], Wilkins defined a basic move on an e-chain as the addition or removal of a
point which is not an endpoint, so that the resulting path is still an e-chain. In our paper,
in order to avoid tedious arguments, basic moves also include the case when there are no
changes.

Definition 4.6. Two chains « and /3 are e-homotopic, denoted by o ~{ 3, if there is a finite
sequence of e-chains

H = {O_/ =071 5 Vk=1, Tk T B}
such that each ~; differs from 7, 1 by a basic move. We call H an e-homotopy and denote
the e-homotopy class of an e-chain « by [a].. If an e-loop v = xgx; - - - &, is e-homotopic to
the trivial loop {x¢}, we say that v is e-null.

The following reformulation (see [BCW14]) will be useful in the sequel. For a non-negative
integer n, let [n] := {0,--- ,n — 1}. Note that an e-chain in X can also be regarded as an
e-Lipschitz map ~ : ([n], (*) — (X, dx) for some n € Zsy, i.e., dx(y(i),v(i + 1)) < € for all
i € [n—1]. A lazification of an e-path v : [n] — X is an e-path 4 : [m] — X such that m > n
and 4 = v o p where p : [m] — [n] is surjective and monotone.



20 PERSISTENT HOMOTOPY GROUPS OF METRIC SPACES

Proposition 4.7. Two chains « and (3 are e-homotopic if and only if there exists a triple
(&, B, H) where
e & and B, of the same size n, are lazifications of a and (3, respectively; .
o H:([n]x[m],£*) — (X,dx) is an e-Lipschitz map such that H(-,0) = a, H(-,m) =
B, H(0,t) = a(0) = B(0) and H(n,t) = a(n) = B(n) for all t € [m].

Proof. We prove the ’if” part by induction on the number of basic moves. For the base case,
we suppose a = Tg--- T, and {a = 7,71 = [} is an e-homotopy. If there is no change
between « and [, we take 3 .

H(-,0) =79 and H(-,1) = 7.
Otherwise, there is a removal or addition of a point from « to 5. Define two maps p; : [n] —
[n—1] and p' : [n + 1] — [n] as

] 7, if j #1 i j if j <1,
i = and = .
pi(j) {z’—l, if j =1 ') {i—l, ifj>1

If v, is obtained from vy by removing some point x;, we set 71 = ~; o p; and
H(-,0) =~ and H(-,1) = 7;.

If v, is obtained from 7, by adding some point between z;_; and z;, we take o = 7 o p’
H(-,0) =90 and H(-,1) = 7.

Now suppose the statement is true for any two e-chains which differ by & — 1 basic moves.
Assume that H = {a = 70,71, , V-1, = B} is an e-homotopy between v and . By the
induction hypothesis, there exists a required triple (7o, Vr_1, H 1). Since v;_1 and 7, differ
by one basic move, we need to discuss three cases as before. Notice that H; is essentially
a matrix with entries from X. If there is no change, we append one more row 7; to H, to
obtain H. If 4_; and 7 differ by the removal of the point Ye—1(1), we compose vy, with some
pi « [size(vk—1)] — [size(yx)] and append v, o p; as a new row to Hy. If they differ by the
addition of the point (i), we compose each row of Hy with some p' : [size(vx)] — [size(7_1)]

and append one more row v to Hj.
For the ‘only if’ part, it suffices to establish it for the case m = 1. Suppose [/ =

xoxh - -,y where z{, = vy and z], = z,,. Foreachi =0,--- ,n—1, we have dx(z;,2},,) <
€. Thus, 2, can be inserted between x;_; and x; into « for each i = 1,---  n, after which
x; can be removed for each ¢ = 1,--- ,n. Therefore, we can obtain  from « via 2n basic
moves. 0

The following fact will be used repeatedly.

Remark 4.8. Let p; : [n;] — [n] for j = 1,2 be surjective monotone maps. There exists an
integer IV, and surjective monotone maps g; : [N] — [n;] for j = 1,2 such that pjog; = p20gs.

Fix a basepoint z¢o € X and € > 0.

Proposition 4.9. The relation ~{ defines an equivalence relation on the set of discrete
chains based at xq, denoted by L(X, ).

Proof. Clearly, ~{ is reflexive and symmetric. Let o, and 7 be any three chains such
that o ~{ B and § ~{ 7. Then, there exists two sequences of e-chains H; = {a =

Yo, Vs s Ye—1, Yk = B} and Hy = {8 = Yg41, Vet2, -+, Veti—1, Ye4r = 7} such that each
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~; differs from 7,1 by a basic move. Then H = {& = 9,71, s Veri—1, Vst = Y} IS a
sequence of e-chains, where each adjacent two differ by a basic move. Thus, o ~ 7. 0

Let £¢(X, o) be the collection of all e-loops based at xy. Given two e-loops v = zgzy - - - T,—1T0
and v = zoy1 - - - Ym_120, define their concatenation by

Yy =21 Tp 1 ToY1 Ym—1T0-
The birth time of a discrete loop v = zgx1 - - - x,, is defined to be
birth(vy) := [Jdnax dx(zi, Ti41).
The death time of ~ is defined to be
death(y) :=inf{e > 0 : v ~] {zo}}.
When X is compact, it is clear that both birth(vy) and death(vy) are no larger than diam(X).

Remark 4.10. Because L£¢(X, x¢) is a subset of L(X, zy), it follows from Proposition 4.9 that
~§ defines an equivalence relation on £(X,zy). By Lemma 2.1.2 of [Willl], £(X, x0)/ ~{
is a group under the operation of concatenation, where the identity element is [x]. and

It =1

Definition 4.11 (Discrete fundamental group). The discrete fundamental group at scale €
of a metric space X, based at xg, is

T (X, mo) = LY(X, z0)/ ~ .

Proposition 4.12 (Lemma 2.2.9, [Willl]). For e > 0, suppose xo and x1 are points in X
such that there is an e-chain X\ from xqy to x1. Then

(X, 20) = m(X, 21) via [y]e > [Ny = A

Thus, if X is an e-connected metric space, we have 7$(X, xo) = 7¢(X, z1) for any two points
xo and x1 in X. In this case, the discrete fundamental groups at scale € are independent of

choices of basepoints, up to isomorphism, so we can omit the basepoints and simply write
7§ (X).

Example 4.13 (Example 2.2.6, [Will1]). Let S!(r) be a circle of radius r > 0, equipped
with the geodesic metric. When r = 1, we simply write S! for S*(1). Then

Z, if0<e<Zr,

0, ife> %’rr.

1
mi(S(r)) = {
In Theorem 4.15, we will see that discrete fundamental groups of a compact metric space
are in fact isomorphic to fundamental groups of its successive Vietoris-Rips complexes.

Edge-path Groups of Vietoris-Rips Complexes. Given a simplicial complex K, an
edge in K is an ordered pair e = vjv, for vertices of K, such that v; and v, are in the same
simplex. An edge path in K is a sequence of vertices connected by edges. The concatenation
of two edge paths can be defined in a natural way and called the product of two edge paths. If
e = v1vy and f = vyvz are such that vy, v, and vz are vertices of a simplex, then the product
ef is edge equivalent to vivs. Two edge paths are edge equivalent if one can be obtained
from another by a sequence of such elementary edge equivalences. Let vy be a vertex of K.
When an edge starts and ends at the same vertex vy, we call it an edge loop at vy. We define
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(K, vp) to be the set of edge equivalence classes of edge loops at vy, called the edge-path
group of K (see [STG7, p. 87]). Let |K| denote the geometric realization of K.

Theorem 4.14 (Theorem 4 and 5, §4.4, [ST67]). With the notations above, (K, vg) is a
group, with identity vovy, under the operation of product defined above. Furthermore,

7T1E<K, Uo) = Wl(‘K|, U(]).
It is an interesting fact that the following groups are isomorphic.

Theorem 4.15 (Isomorphisms). Let (X, zq) be a pointed compact metric space and let € = 0.
Then
7 (X, 20) = 7 (VR(X), m0) = 71 ([VR(X)|, 20) -

Proof. The rightmost isomorphism follows directly from Theorem 4.14. The leftmost isomor-
phism is straightforward from the definitions. Indeed, if we write LE(VR(X), zo) as the set
of loops at zy in VR(X), it is clear that £L9(X, x¢) = LE(VR.(X, z0)) as sets. It remains to
check that e-homotopy equivalence is the same as the edge equivalence in L¥(VR (X, o)),
which can be done by proving that basic moves are equivalent to elementary edge equiva-
lences. Indeed, for a1, z3 € X such that dy(z1,73) < €, T10973 ~F z123 iff 21, 79 and 3 form
a 2-simplex in VR (X, zo), iff 212023 ~{ z123. O

Given ¢ > €, an e-chain is also an ¢-chain and an e-homotopy is also an ¢’-homotopy.
Thus, there is a natural group homomorphism

Do (X, 20) — 7 (X, 20) with [a] — [a]e.

The collection {PII{(X,zg) := 7$(X,20)}es0 together with the natural group homomor-
phisms {®, .} forms a persistent group, denoted by PII(X, z¢), or PII;(X,xg) for
simplicity.

'=e>0

Remark 4.16. The leftmost isomorphism in Theorem 4.15 was first establised in [Pla07,
Page 599].

4.3. Discretization Homomorphism. Let 7 : [0,1] — X be a continuous path and € > 0.
An e-chain along 7y is an e-chain x - - - x,, where there exists a partition {0 = g, -+ , ¢, = 1}
of [0, 1] such that each x; = y(t;). A strong e-chain along +y is an e-chain along 7 such that
Y([ti—1,ti]) © B(7y(ti-1),€) for each i. When + is a continuous loop, a (strong) e-chain along
~v is also called a (strong) e-loop along ~.

The following lemma permits relating the fundamental group of a space to its discrete
fundamental groups.

Lemma 4.17 (Lemma 3.1.7, [Will1]). Let X be a chain-connected metric space, and let € > 0
be given. Then the following map is a well-defined homomorphism (called the e-discretization
homomorphism)

O, m(X) - 7 (X) with [v] — [a]e,
where « is a strong €-loop along . If the e-balls of X are path-connected (e.g. X is geodesic
or locally simply connected), then ®. is surjective.

Example 4.18. Let Y be any simply connected (thus, geodesic) compact space. By Lemma
4.17 and the fact m(Y) = 0, we have

m1(Y) =0,Ve > 0.
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The well-definedness of @, indicates that any two e-discretizations of a continuous loop
are e-homotopic. It follows that .. o &, = & for all € < ¢. By the universal property of
limit, there is a natural group homomorphism

¢ : 1 (X) — lim PII; (X) with [y] — lim[a]..

Vigolo proved in [Vigl8, Theorem 3.2] that for u.l.p.c. and u.s.l.s.c. metric spaces the
discretization homomorphism is in fact an isomorphism, albeit using a slightly different
definition for e-homotopy. It turns out a similar result and proof can be applied to our case
as well.

Theorem 4.19 (Discretization Theorem). When a metric space (X, dx) is u.l.p.c. and
u.s.l.s.c., the e-discretization homomorphism ®. is an isomorphism for € small enough. In
addition, the discretization homomorphism ® : m (X, x9) — lUmPII; (X, x0) is an isomor-
phism.

Proof. We first prove that ®. is injective for € small enough. Since X is u.s.l.s.c., there exists
d" > 0 such that a loop in B(z,d") is null-homotopic for any z € X. Because X is u.l.p.c.,
there exists § < ¢’/2 so that any two points in B(z,0) can be connected by a path with
image completely contained in B(x,d’/2), for any x € X. Fix a parameter 0 < € < ¢ and let
~ be a continous loop based at xy whose e-discretization o = xg - - - x,, is trivial. Recall that
« is a strong e-path along v, i.e., there exists a partition {tg,--- ,¢,} of [0, 1] such that each
x; = y(t;) and y([t;, tiz1]) < B(v(t:), €) for each i. We want to show v is null-homotopic.

Suppose a ~{ ¢ via an e-homotopy H : [n] x[m] — X with H(-,0) = a and H(-,m) = zo.
Let 0<i<n—1and 0<j<m. Sincedy (H(i,7), H(i + 1,7)) < € < 0, there exists a path
; ; joining them with image in B(H (i,7),d’/2). Similarly, for 0 <i<nand 0 <j<m—1,
there exists a path f;; joining H(¢,j) and H(i,j + 1) with image in B(H(i,j),0'/2). It
follows that the concatenations f3; jo j11 and «; jf3;i11,; are both contained in B(H (i, j),d’).
Since ai’jﬁﬂldai_’jlﬂﬁ;jl is a loop in B(H(i,7),d"), it is null-homotopic. For 0 < ¢ <n —1
and 0 < j <m—1,let &; := apo - @i—10000 - Pij—1, a loop joining xy to H(i,j), and
then define n; ; := fl-’jai’jﬂiﬂdagjlﬂﬁgjl ifjl, which is a null-homotopic loop at xy based on
construction. Notice that

Yi =0 Mim-1 ~ (00 i) (Bir1o '5¢+1,m—1)04i_¢1n( ;,11_1 o ‘5;01)(040,0 o)

and
Y1 Yo ~ (00 An—1,0)(Bno - - 'ﬁn,m—ﬂ(aﬁn e a&}n)(ﬁo_,}nq " ‘50_,6) ~ Qo0 Qp10-

Since y([ti, ti1]) * py < B(y(ti),€) < B(y(t:),0"), y([ti,ti+1]) must be a null-homotopic
loop. Therefore, v ~ -+ an_10 ~ xo. It follows that ®. is injective for all 0 < € < §, and
® is injective as well.

Because X is u.l.p.c., its e-balls are path connected. By Lemma 4.17, ®. is surjective, and
thus an isomorphism. It remains to show ® is surjective. A generic element of lim 7% (X) can
be represented by a family ([ag]s)y- o, Where oy is an 0-loop based at zo such that for every
0 < 0 we have ag ~¢ ap. Take a real number € such that 0 < € < §. The surjectivity of
®, shows us that there is a continous loop 7. such that a. is e-homotopic to a strong e-path
along .. Since [ ]e = [ae]e for 0 < € < € < 0§, the injectivity of ®. implies that v, and
e are homotopic. When 6 > €, we always have [aglg = [ac]o. Thus, for ([agle),-,, We have
found a continuous loop 7. such that

P([ve]) = ([velo)g=o = ([@0l0) g0 -
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where [7,]s denotes the §-homotopy class of a strong #-path along ~.. O

4.4. Generalized Subdendrograms and a Pseudo-metric on L£(X,z,). By analogy
with the ultrametric 4 discussed in §4.1, we introduce a pseudo-ultrametric on the set of
all discrete loops on a given metric space. This will allow us to view the discrete loop space
of a metric space as a metric space in itself.

Proposition 4.20. Given a pointed metric space (X, xq), the following defines a pseudo-
ultrametric on L(X, xq): for any v,v" € L(X, o),

pP (7)) = inffe > 09 ~$ 7'}

Proof. Clearly, ugp(fy,'y’) = ugp(fy’,fy) for all v,7 € L(X,z0). It remains to prove the
strong triangle inequality. Given arbitrary «, 5,7 € L(X,xo), let ¢ = /v&)(a,ﬁ) and
€ = ,ug?(b’,y). For each 0; > €; and ds > €9, there exist a sequence of §;-paths H; = {a =

Yo Y15 V-1, Yk = B} and a sequence of dy-paths Hy = {8 = Yur1, Yiras ) Vert—1, Vost =
v} such that each v; differs from 7, by a basic move. Then H = {& = 70,71, "+, Vksi—1, Vhsl =

v} is a sequence of max{dy, d, }-paths, where each adjacent two differ by a basic move. Then
a and v are max{dy, ds}-homotopic via H. By the minimality, ,ug?(a,v) < max{dy, da}.
Letting 6; \, € (i = 1,2), we obtain ug})(a,'y) < max{ey, €a}. O

Remark 4.21. For any v € L(X, xg), note that

birth(y) = i’ (7,7) and death(y) = p§’ (7, {zo}).

Suppose a and  are two discrete loops in X. Let € = max{birth(«), birth(3)}. Then, for
any v € L(X, zo), we have

i (axr, Bx7) = uP(a, B).

This is because when § > ¢, there is a §-homotopy H = {«, - , 5} iff there is a J-homotopy
H*’}/IZ {OZ*’}/,"' ,/8*'7}

i3 (1) : t éx Py
Stability for pe’. Let (X, zo) and (Y,yo) be in MP'. Let R : X Z Y be a
pointed tripod between X and Y. Note that ¢x and ¢y induce surjective maps

L(Z,zy) — E(X, xo) and L(Z, z) = L(Y, yo)

respectively, still denoted by ¢x and ¢y. Thus, we have a tripod between <£(X ,T0), ugp)
and <£(Y, y0)7,u§f1))3

ox ¢y
Rp = L(X, o) «— L(Z,20) — L(Y, yo).

Lemma 4.22. Let (X, ) and (Y, yo) be in MP*. Then each R € RP*((X, z0), (Y, y0)) induces
a tripod Ry € R(L(X, zo), L(Y,yo)) with dis(Rz) < dis(R). In particular, if ax is an e-chain
in X and (ax,ay) € Ry (see Page 11), then ay is an (e + dis(R))-chain in Y.

Proof. Let R : X ox Z o Y be a pointed tripod between X and Y. Ilf @« = 2. -2,
is an e-loop in X, then there exists a discrete loop v = zp- - 2, in Z such that a = ¢x (7).
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Note that ¢y () is an (e + dis(R))-loop in Y, because for 0 <i <n — 1,
dy (dy (1), Oy (2i+1)) < dx(dx(2), Ox (2i41)) + |dy (Py (20), Py (2i11)) — dx (Px(21), Ox (2i11))]
< e+ dis(R).
Let (o, 5), (o, B') € Ry and § > u(l)( ,3). Then there is a finite sequence of d-loops in X
Hx ={a=ap, a1, , 1,05 = '}

such that each o differs from «;_; by a basic move. For each «;, let 5; = ¢y (7;) where ~;
is such that «; = ¢x(7;). Then each f; differs from 3;_; by a basic move. In particular,

HY = {6 = 507517"' 7ﬁk—17ﬁk = 5/}

is a (d+dis(R))-homotopy between 3 and 3’. Therefore, ,ug,l)( ') < d+dis(R). Letting § N\,
(

,ug?(oz,ﬁ), we obtain Mg})(o/,ﬁ/) < ,ug;)(oz,ﬁ) + dis(R). Similarly, ;)(a B) < ,ug,)( "B+
dis(R). This is true for all (o, 8), (¢/, B') € R, implying that dis(R,) < dis(R). O

Theorem 4.23 (Stability Theorem for "), Given (X, o) and (Y, yo) in MPt,

den(L(X, o), LY, 90)) < dgu((X, 20), (Y. 0)).
Proof. By Lemma 4.22,

den(L(X, 20), L(Y, 1)) = 2inf{dis(R;): Rz € R(L(X, z0), L(Y, v0))}
< sinf{dis(R;) : R, induced by R, R € R(X,Y)}
< jinf{dis(R) : R e R(X,Y)}
= deu(X,Y).

Corollary 4.24. Given (X,dx) and (Y,dy) € M,
inf sup deu(L(X,x0), L(Y,y0)) < deu(X,Y).

ReR(X)Y) (z0,y0)eR
Critical Values. Let X be a chain-connected metric space. A non-critical interval of X is a
non-empty open interval I < R, , such that for €, ¢’ € I with € < ¢/, the map @~ is bijective.
We call a positive number € a critical value of X if it is not contained in any non-critical
interval. We denote the subset of R, consisting of all critical values of X by Cr(X), and call
this the critical spectrum of X (see [Willl]).

Theorem 4.25 (Theorem 3.1.11, [Willl]). Let X be a compact geodesic space. Then Cr(X)
18 discrete and bounded above in R, .

Remark 4.26. For a finite metric space X, it is straightforward to check that Cr(X) is
discrete and bounded above in R

Given (X, xg) € MP*and € > 0, 7§ (X, 2) = L(X, z0)/ ~§ forms a partition of L(X, zg) <
L(X,xg), i.e., a subpartition of L(X,zg).

Lemma 4.27. Let X be either a compact geodesic space or a finite metric space. The map
e — (X, x0) induces a generalized subdendrogram over L(X,xo), denoted by 07 , -
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Proof. We want to check that conditions (1’), (2) and (3) in Definition 3.16 are satisfied.
For € < ¢, L9(X,z0) < L9(X,x) and 0% (x 2 (€) Tefines 07 . (€)]ce(x,z), 1-€., condition
(1') is satisfied. For condition (3), we notice that whenever € > diam(X), 67y () is the

single block partition. The semi-continuity, i.e., condition (2): for all r there exists € > 0 s.t.
07 (x.20)(T) = O (x2p(t) for all ¢ € [r, 7 + €], follows from Theorem 4.25 and Remark 4.26. [

Examples of generalized subdendrograms arising from discrete fundamental groups will be

)

presented in §7. It is not hard to see that u§ = s , so we can apply Proposition 3.17

L(X,xzq)
to conclude:

Corollary 4.28. Given (X,dx) and (Y,dy) € M,

inf d G5 05 < d. X,Y .
RER(XY) (o gt 1 (Ve © 0% x 0) Vie © Oz vy) < den(X,Y)

In general, the computation of Gromov-Hausdorff distance is NP-hard [Schl17], while
in the left-hand-side d; (Vk o 92( X o) Vi o Qi(yyy0)>, as the interleaving distance between 1-

dimensional persistence modules, is computable in polynomial time.

5. PERSISTENT HOMOTOPY GROUPS

We assume 7' = R, in this section unless otherwise specified. In §3.4, we have defined
persistent groups as objects in PGrp™9, as well as homomorphisms and homomorphisms
of degree ¢ between persistent groups. In this section, we study persistent homotopy groups,
which are persistent groups given by homotopy groups of some spaces.

Persistent Groups. Recall from §3.4 that the set of homorphisms from the persistent group
G to the persistent group H is denoted by Hom(G, H), and the collection of homorphisms
of degree ¢ is written as Hom5(G, H). By isomorphisms between persistent groups, we will
mean isomorphisms in the category PGrp™<), denoted by ~. We denote by {0) the trivial
group containing exactly one element 0, the addition identity element. The trivial persistent

group is given by
0 := 0)[T].

For a group G and an interval I c T, the interval generalized persistence module G|[I] (see
Page 13) is also called the interval persistent group.

From the definitions of product and coproduct given in §3.1, we immediately obtain the
following proposition.

Proposition 5.1 (Product and coproduct). In PGrp"9, for any two objects G and H,

e the product is given by component-wise direct products and denoted by G x H; and
e the coproduct is given by component-wise free products and denoted by G = H.

5.1. Persistent Homotopy Groups. Given a pointed metric space (X, zg), there are dif-
ferent approaches to construct persistent groups using homotopy information from the metric
space, such as the persistent group PII; (X, zg) constructed on Page 22.

Definition 5.2 (Persistent fundamental group). Given a pointed metric space (X, zg), the
persistent group PII (X, zg), given by {7{(X, x¢)}eso together with the natural group homo-

morphisms {CIDE’E/}G,ZOO, is called the persistent fundamental group of X.
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Let us examine some properties of persistent fundamental groups here.

Proposition 5.3 (Induced Homomorphisms). Let X and Y be chain-connected metric
spaces, and let ¢ : (X, x9) — (Y, yo) be any pointed set map.

(1) For any ¢ = dis(¢) and € > 0, the map
Pt (X)) = (V) with [ae = [p(@)]ers
is a well-defined group homomorphism, and (¢<*?) o € Hom® (PIL(X), PII,(Y)).
(2) If ¢ is 1-Lipschitz, then for each € > 0, the map
e (X)) = mi(Y) with [a]e — [p(a)]e
is a well-defined group homomorphism, and (p.)e=o € Hom(PII; (X)), PIL; (Y)).
Proof. Given an e-loop a = xy---x, in X, p(a) = ¢(zg) -+ ¢(x,) is an (e + d)-loop in Y,
because for 0 <i<n—1,
dy (p(@;), o(zir1)) < dx (@i, Tit1) + |dy (@), o(Tiv1)) — dx (i, Tig1)| < €+ 6.
Since @ preserves basic moves, given an e-homotopy H = {a = «ag, - ,ap = B}, p(H) :=

{p(a) = plag), - ,o(ar) = ¢(B)} is an (e + §)-homotopy in Y. Thus, o+ is well-defined.
In addition, ¢ is a group homomorphism, because for any «, 8 € L(X, 7o),

P ([axBle) = [p(axf)]ers = [p(@)=p(B)]ers = [p(@)]erslo(B)]ers = 0 ([a] ) ([Blexs)-

Here = denote the concatenation of discrete chains.
The statement (™) € Hom®(PII;(X), PII;(Y)) follows from the following commutative
diagram (for all € > €):

la], —— [p(a)]

] |

laly —— [p(@)]oys:

e+9

Similar arguments can be applied to prove Part (2), so we omit them. 0]

5.1.1. Persistent K-homotopy Groups and Persistent VR-homotopy Groups. For n € Z-1,
assigning the n-dimensional homotopy group to a pointed topological space forms a func-
tor from the category of pointed spaces to the category of groups, called the homotopy
group functor and denoted by m, : Top* — Grp. In particular, when n = 1, we call it
the fundamental group functor. In analogy to persistent homology theory, one could apply
the homotopy group functor to filtrations of a given metric space to obtain a persistent group.

Kuratowski Filtration and Persistent K-homotopy Groups. Let (X, dx) be a bounded
metric space. We recall from [Bor(7] a method to embed X isometrically as a subset of some
Banach space, which will eventually allow us to enlarge X. Let K(X) := (L*(X),| - |x»),
where L®(X) is the space of bounded functions f : X — R and || f| := sup,cy | f(z)|. For
a bounded metric space (X, dx), the Kuratowski embedding is given by

kx: X — L*(X),

x— dx(z,-).

By the Kuratowski-Wojdystawski Theorem (see [Bor67, Theorem I11.8.1]), the Kuratowski
embedding kx is distance-preserving.
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Definition 5.4 (e-thickening). The e-thickening of a compact metric space (X, dx) is the
closed (or open) e-neighborhood of kx(X) in K(X) , henceforth denoted by X¢ (or X =¢).

Let (X, o) be a pointed compact metric space. For any 0 < € < ¢, there is a natural
embedding ife/ : X¢ — X¢ which forms a filtration in Top, called the Kuratowski filtration
and denoted by X. When there is no danger of confusion, we simply write i* for iX,. Under
the map kx, xo can be viewed as a point in X¢ for each ¢ > 0, which induces a functor
(X, z0) : (Rsp, <) — Top* such that (X, zy)(e) = (X, z0) and (X, z0)(e <€) =X

€,e”

Definition 5.5 (Persistent K-homotopy group'). Let (X, zy) be a pointed compact met-
ric space. By (X, xg), composing the homotopy group functor =, with (X, zy) induces a
persistent group

PITE (X, 20) = {m.(X€, 20)}

together with the induced homomorphisms on homotopy groups. We call it the n-th persis-
tent K-homotopy group.

=0

Remark 5.6. Composing the homology functor H, with X results into the persistent K-
homology group PHE (X, xo).

Similarly, we can apply homotopy group functors to the geometric realizations of Vietoris-
Rips complexes.

Definition 5.7 (Persistent VR-homotopy group). Let (X, z() be a pointed compact metric
space. For each n € Z~1, we have the persistent group

PTL (X, w0) += {mu (IVRe(X)], 20)}

together with the induced homomorphisms. We call it the n-th persistent VR-homotopy
group.

=0

As Vietoris-Rips complexes are simplicial complexes, one can also apply the edge-path
group (see Page 22) functor to obtain a persistent group

PIIY(X, z0) == {m}(VR.(X),20)}

e=0"

together with the induced homomorphisms edge-path groups. We have seen in Theorem 4.15
that

PIIVR(X, zo) = PIIP(X, o) = PIL (X, zo).

It will be seen in Theorem 5.12 that Definition PII}(X, zo) is isomorphic to the others as
well.

Remark 5.8. One advantage of persistent K-homotopy groups and persistent VR-homotopy
groups is that they can be defined for n-dimensional homotopy groups. However, it does not
appear to be trivial to generalize the idea of persistent fundamental group or PIIY (X, z) to
higher dimensions.

Theorem 5.9 (Theorem 3.1, [LMO20]). Let X € M and € = 0. Then,
X=* >~ |[VR2.(X)|,
as functors from (Rsg, <) to the homotopy category of Top.

1K is for Kuratowski.
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Remark 5.10. By a very similar argument with Theorem 5.9, one can check that if X is a
finite metric space, then

X=* = [VR e (X))

If X is not finite, it does not appear to be a trivial question whether the above isomorphism
still holds. But we always have that

dyr (X=°, [VR<20(X)]) = 0,

by approximating X with a sequence of finite metric spaces under dgy and applying the trian-
gle inequality, the stability of Kuratowski filtration and the Vietoris-Rips filtration. Indeed,
let € > 0 be arbitrarily small, and let X, be a finite metric space such that dgy(X, X.) <.
Then

dHI (X<.7 |VR§20(X)|) < dHI (X<.7X§.) + dHI (Xf.a |VR$2.(X6)|)
+ dar (VR <20 (X)[, [VR <20 (X))
<e+0+e=2e

Corollary 5.11. Let (X, xzq) be a pointed compact metric space. Then,
PITS* (X, z0) = PIIYR2* (X, 29) and PHS* (X, 1) = PHY®?* (X, 1),
which are true for the open version and for the closed version with X a finite metric space.

Now we are ready to prove the following isomorphism theorem of persistent fundamental
groups.

Theorem 5.12 (Isomorphisms of persistent fundamental groups). Given a pointed compact
metric space (X, zg), we have

PIIN* (X, x0) = PIL™ (X, 29) = PII2* (X, 20), (2)

where the second isomorphism is true in either version, and the first isomorphism is true for
the open version and for the closed version with X a finite metric space. In either version,
PIT™* (X, xo) and PII,®** (X, xo) have homotopy-interleaving distance zero.

Proof. The first isomorphism in Equation (2) follows from Theorem 5.9 directly. The second
isomorphism is derived from Theorem 4.15, by checking the following collection of group
isomorphisms

(X, x) = m1 (|[VR(X)|,20) , Ve =0

forms an isomorphism between persistent groups. O

Example 5.13 (Unit circle S'). Recall from [AA17, Theorem 7.6] that we have homotopy
equivalence

S+t if2l+r127r<r<2l;r—+1327rforsomel=0,1,--~,
‘VRT(Sl)’ ~ < \/ S, ifr= 2l+r127r for some [ =0,1,---,
* ifr>m.

Here c¢ is the cardinality of the continuum (i.e. the cardinality of R), and = is the one-point
space.
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Let k € Z=y. As \/°S* is (2k — 1)-connected, it follows from the Hurewicz theorem (cf.
[HatO1, Theorem 4.32]) that

2% (\c/ Szk> = Hgk (\C/SQ]C> ~ 7%

Then the persistent homology groups of S* are

k—1 e
PHYR(S!) = {Z(% 7 2m, 2k+1 27T) if n =2k -1,
e [2k+1 27T7 2k+1 271—] if n = 2k.

Because 7,(S™) is not totally known for the case n > m, the calculation of PIIY¥(S!) can
only be done for some choices of n. For example, we have

Vel Z(0,%), ifn=1,
PIL*(S") ~
Z¥ 3, =], ifn=2.

5.1.2. Persistent Rational Homotopy Groups. The rational homotopy groups m,(X, xo) ®z Q
of a pointed topological space (X, zq) are the standard homotopy group , (X, zg) tensored
with the rational numbers Q, for each n = 0. We assume that all topological spaces are path-
connected and denote the rational homotopy groups by 7, (X)®zQ for simplicity of notation.
Compared with the difficulty of calculating homotopy groups of spheres, the computation of
rational homotopy groups of spheres is substantially easier and was done by Serre in 1951
(see [Ser51]):

Q, n=2k-1,
0, otherwise,

Q, n=2korn=4k—-1,
0. otherwise.

T (S* 1) @, Q = { and m,(S*) @z Q = {

This inspires us to consider the notion of persistent rational homotopy groups, by tensoring
persistent homotopy groups with rational numbers QQ in the following sense.

Let the field k = Q. Then the category Vec represents the category of vector spaces
over Q. Let Ab be the category of Abelian groups, and let PAb®+<) denote the category
of functors G : (R;,<) — Ab. Because Ab and Vec are categories of Z-modules and
@-modules respectively, the following defines a functor from Ab to Vec:

-®2Q:G->G®Qand fR,Q=[f®zIdg: G®,Q — H®zQ,

for each group homomorphism f : G — H of Abelian groups. Moreover, the functor — ®z Q
induces a functor from PAb®+<) to PVec®+ <) such that for each G € PAb®+%), G®; Q
is the composition of the following two functors:

Ry, <) S Ab =25 Vec.

With the above construction and Example 5.13, we compute the persistent rational ho-
motopy groups of the unit circle S*:

Q (=1 2m a7 2m) O Q [ig 2m, gy 2, ifn =4k -1,
PILR(S") @2 Q = § Q (725 2w, 2 2m) ifn =4k + 1,

+1 2T ak¥3
x¢ k . B
Q* [55 27, 55 27] if n = 2k,
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as well as the persistent rational homology groups of S':

Q(ELor, ghoon), ifn=2k—1, o

Q" [z 2m, 5 27, ifn =2k

PHYR(S'; Q) = PHYR(SY) @2 Q = {

The leftmost isomorphism in Equation (3) follows from the universal coefficient theorem for
homology (cf. [HatOl, Theorem 3A.3]). In addition, it can be directly checked that

dy (PIL* (S') ®2 Q,PH™ (S%;Q)) = 0.

Note that in the case of n = 4k — 1, because persistent modules PIT'" (S!) ®; Q and
PHY® (S';Q) contain different types of indecomposables, they are not isomorphic to each
other.

Notice that any d-interleaving between two persistent Abelian groups G and H induces a
d-interleaving between the persistent modules G ®7 Q and H ®; Q. Thus,

di (G®z QH®zQ) < d (G, H).
In addition, we have the following corollary of Theorem 6.1.

Corollary 5.14. Let X and Y be compact chain-connected metric spaces. Then for each
ne 2227

dr (PTIX(X) ®z Q, PIIX(Y) ®2 Q) < den(X,Y).
When PILY(X), PIIN(Y) € PAb, we also have

dy (PII}(X) ®2 Q, PIIT(Y) ®2 Q) < dau(X,Y).

5.2. Dendrograms and a Metric on m(X,2¢). Let G = ({Gi}i=0, {fis}i<ser,) be a
persistent group, which is naturally an (R, <)-shaped diagram in Grp. We can consider
its limit, i.e., the group

t>0

GO =1limG = {(at)t>0 S HGt LQg = fts(at>7vt < 8} )

endowed with natural projections p; : Gy — G, picking out the ¢t-th component. Since
ps = fisop, for t < s, we have ker(p;) < ker(ps). If p; is surjective, then G; =~ G/ ker(p;) can
be regarded as a partition of the limit Ggy. If p; and ps are both surjective for some t < s,
then, as partitions of Gy, G; refines Gi.

By Theorem 4.19, if a metric space (X, dx) is both u.l.p.c. and w.s.l.s.c., then each ®X is
surjective and 7 (X) = lim7{(X), in which case each 7] can be regarded as a partition of
71(X). Furthermore, applying Theorem 4.25 we obtain the following theorem:

Theorem 5.15 (Dendrogram over 71 (X)). Let a compact geodesic metric space X be semi-
locally simply connected (s.l.s.c.). Then there is a dendrogram 0., (x) over m(X), given by

m(X), ife>0
Or, (x)(€) = {mEX; Zﬁ : 0.

As an example, let us look at the dendrogram associated to S! and understand the induced

metric )
yjeﬁl(gl)
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Example 5.16. When 7 = 1 in Example 4.13, associated to PII;(S') we have a dendrogram
over 7 (S') =~ Z shown in Figure 2 on Page 5. The metric Mo, o, iInduces an ultrametric d

on Z given by
2 .
= if
d(n,m)z 3 1 TL?ém)
0, ifn=m.
In Example 4.18, a simply connected compact space (e.g. the unit sphere S?) has a trivial

associated dendrogram. Thus, the metric space <7T1 (S?), po ( is (isometric to) the one-
1

s2)
point metric space . It follows from Proposition 3.5 that

dGH ((Wl(Sl)aueﬂl(Sl)) ’ <7T1(S2)’Iu97r1(82)>> — %dlam(m(Sl)) _ %
By the same argument, we conclude:

Corollary 5.17. Let a compact geodesic metric space X be semi-locally simply connected
(s.l.s.c.) and let Y be a simply connected compact space, then

den ((WI(X)aW?M(m) : (ﬂl(Y),ugﬂl(y)>> = £ diam(m (X)).

The next theorem, following immediately from Theorem 5.15, Proposition 3.15 and The-
orem 4.19, shows that the Gromov-Hausdorft distance between fundamental groups can be
estimated by the interleaving distance between dendrograms.

Theorem 5.18. If compact geodesic metric spaces X andY are u.l.p.c. and u.s.l.s.c., then

% : dI(V]k o 97T1(X)7Vk o 97r1(Y)) < dGH <<W1<X)71u97r1<x)> ) (7T1(Y)7/’L97r1(y))> < dl(eﬂ'l(X)J 97T1(Y)>7

where
Ai(Orsx), O ) = A5 (PILL (X), PIL (¥)) < dS™P(PIL (X), PIL, (Y).

We finish this section with a stability result for I

Theorem 5.19 ({*-stability for dendrograms over my(e)). Let compact geodesic metric
spaces (X,dx) and (Y,dy) be u.l.p.c. and w.s.l.s.c. Suppose X andY are homotopy equiv-
alent, 1.e., there exists continuous maps f : X — Y and g : Y — X such that fo g is
homotopic to Idy and g o f is homotopic to Idx. Then

10,00 = 110, © (i) < maxc{dis(f), dis(9)).

where my f = m(X) — m (YY) is the induced homomorphism. In particular, when X =Y and
dx and dy induce the same topology on X, we can take f and g to be the identity map. In
this case,

H/wﬂl(x) — Ho,, (v - < HdX - dY”OO'

Proof. Note that the induced homomorphisms 7 f : 71(X) — m(Y) and mg : m((Y) —
71 (X)) are isomorphisms, and these isomorphisms are inverses of each other. Since dis(m f) =
codis(m f, mg) = dis(mg), we have

max{dis(m f), codis(m f, m1g),dis(m19)} = dis(my f).

Let v and +' be two continuous loops in X based at . Let § > Lo, <X>(”y,’y’ ). Then there
exists € = ¢ and e-loops a and o', which are strong e-loops along v and +' respectively,
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such that a ~{ o via an e-homotopy H. By an argument similar to that of Proposition

5.3, f(a) and f(a/) are (e + dis(f))-loops, and f(H) is an (e + dis(f))-homotopy. Directly
checking from the definition, we see that f(«) and f(') are strong (e + dis(f))-loops along
m f(v) and w1 f(7'), respectively. Thus, ug,_ . (71f(7), 1 f(7)) < € + dis(f). Letting 6
1o, x, (Vs '), we obtain pg_ o, (71 (7), T f (V) < o, () (7:7) + dis(f). Using the fact that
m f and m g are inverses of each other, we can prove in a similar way that ug,_,(7,7) <

1o, v (M1 (7), T f (7)) + dis(g). It follows that

o) = Mo,y © (mfoma )| = dis(m f) < max{dis(f), dis(g)}-

Remark 5.20. Despite Theorem 5.19, it is not clear whether

de ((m (X), mmm) , (mm, an)) < dau(X,Y). (4)

The difficulty to prove such a claim is that arbitrary set maps do not necessarily induce
homomorphisms between fundamental groups. In §6, we will prove a weaker version of
Equation (4): with a factor 2 on the right hand side (cf. Theorem 6.2).

5.2.1. An application on Riemannian manifolds. As an application of Theorem 5.19, let us
consider a connected Riemannian manifold (M, g), where M is a smooth manifold and g
smoothly assigns an inner product g, to each tangent space T,M for each p € M. Let
A: M — R, be a smooth positive function. Then (M, A-g) is also a Riemmannian manifold.
A change of Riemannian metric ¢ — g is called a conformal change, if angles between two
vectors with respect to g and g are the same at every point of the manifold. It is clear that
g — X - g is a conformal change. Let A and A be two smooth positive functions from M to
R, . Given any two distinct points z and z’ in M, if v is a smooth curve on M from x to z’,

then
f Ag — S\g
”

where L,(y) represents the length of v in (M, g). It follows that

| Lag(v) = Lz, (7)| =

< ||A—i||oojg,

Y

dyg(. ') < inf Log(7) + inf [ Lay () = Ly, (7)

<inf Ly, () + |A = Ao inff g
v Y

v
< ds (2, 2) + |A — Moo - diam(M, g).
Thus, we have

ldrg — dsgllo < A — Ao - diam(M, g). (5)

Since (M, X\ - g) and (M, A g) have the same homotopy type, we can apply Theorem 5.19
and Equation 5 to obtain

Corollary 5.21.

< A = Al - diam(M, g).

0

Hueﬂl(ﬂ/f)\g) o /J/Gﬂ'l (M, Xg)
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For example, let us take M to be the 2-dimensional torus 7% and g to be the flat metric
on it. In other words, (172, g) is the quotient space of the Euclidean square [0, 27] x [0, 27]
by identifying the opposite sides (see Figure 3). Then we have

<A =Ml
0

Hm’m(T?,Ag) T HO 2 5)

FIGURE 3. The manifold (72, g), as the quotient space of the Euclidean square
[0,27] x [0,27] by identifying the opposite sides. The length of the red line
realizes the diameter of T2.

5.3. Persistent Homotopy Groups under Products. Let the Cartesian product X x Y
of two metric spaces be equipped with the ¢* product metric:

dXXY((xv y)a (ZL'/, y/)) = maX{dx([lf, ZU/), dY(ya y/>}7 VJf, fL'/ € Xa Y, y, €Y.
Note that when X and Y are chain-connected, X x Y is also chain-connected.
Proposition 5.22 (Proposition 10.2, [AA17]). Let X and Y be pointed metric spaces. For
each € > 0, we have the basepoint preserving homotopy equivalence

[VR(X)| % [VR(Y)| = [VR(X x Y)]|.

/

Furthermore, for 0 < e < €', we have the following commutative diagram:

[VR(X)| x [VR(Y)| = [VRa(X)[ x [VRe(Y)|

=| |=

[VR(X X Y)| —— |[VR«(X x Y)].

Recall from [HatOl, Proposition 4.2] the fact that m,(X x Y, (zo,%)) = (X, z) X
(Y, y0). Thus, by applying the homotopy group functor to the above commuting diagram
where all maps preserve basepoints, we obtain the following corollary:

Corollary 5.23. Let (X, zo) and (Y,yo) be pointed metric spaces. There is a natural iso-
morphism of persistent groups:

PIL(X % Y, (20, 90)) = PILR (X, @) x PIL(Y, o),
the product of PITYV® (X, o) and PIIYR(Y,yo) (see Page 9). It follows that
PIL (X x Y, (20, 40)) = PILi (X, o) x PIL (Y, o). (6)

Remark 5.24. Recall from Theorem 5.15 that if a compact geodesic metric space X is
both u.l.p.c. and us.ls.c., then there is a dendrogram 6. (x) over m(X). Suppose Y is
also such a space with a dendrogram 6. vy over m1(Y). Since X x Y is also geodesic,
u.l.p.c. and u.s.ls.c., the left hand side of Equation (6) induces a dendrogram 6, (x«y) over
(X x Y). Meanwhile, the product of dendrograms 6, (x) % 0., (y) gives a dendrogram over



PERSISTENT HOMOTOPY GROUPS OF METRIC SPACES 35

T (X) x m(Y) = m (X xY), cf. Page 17. In particular, the isomorphism given in Equation
(6) implies that for each € > 0 one has
(X)) x w(Y), ife>0

67T1 XxY)\€ 67T1X ><67r1 Y €): Y .
( )() ( o ( ))() {”1( )X7‘1(} )7 1f€—— O,
as partilions Of 711(X X Y)

Example 5.25. Consider the torus T2(ry,73) := S'(r1) x S*(ry), where 0 < r; < 75 and
S'(ry) and S'(ry) are both endowed with their corresponding geodesic metrics. Then

PH1 (Sl(Tl) XSI(TQ)) :Z(O,%Tl) XZ(O,%TQ) = (ZXZ) (0,2%7"1) XZ[%TD%T%)

and the dendrogram associated to PII;(T?(ry,73)) over m(T?(ry,72)) = Z x Z is described
in Figure 4.

m(T?(r1,r2))

FIGURE 4. The dendrogram associated to PII;(T2(ry,75)). The y-axis repre-
sents elements of 7y (T?(ry,72)) = Zv, x Zvs, where vy, and 7, are generators
of w1 (S!(ry)) and 71 (S*(r2)), respectively. More precisely, for k > 1 and [ € Z,
the element (yi* 44) is represented by the y-value [ + k_i2 and the element
(72, ~44) is represented by the y-value [. Notice that the dendrogram associated

to PII;(T?(ry, ) contains the dendrogram associated to PII;(S'(ry)).

When r; =7y = 1, we write T2 := T?(1,1) and apply Example 5.13 to compute:

PIIR(72) = (Z x 7) (0, &), ifn=1,
! (Z*¢ x 27°) [2x, 2], ifn =2,

As for the persistent homology groups of S x S, because PH{(S!) is torsion free for each
i = 0 and € > 0, the Kiinneth Theorem (cf. [HatOl, Theorem 3B.5]) can be applied to
calculate PHY®(T?) ~ @!_,PHS(S!) x PHS_;(S!). On the other hand, if the homology
groups PHY®<(T2; R) are computed with coefficients in R, then for all integers k > 0, the
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corresponding undecorated persistence diagrams of T2 are (cf. [LMO20, Example 4.3]):

dgmo 1 (T7) = { (5177 2m, 255 27) - (3857 27 955 27)

dgmy,o(T?) = { (757 27, 5775 27) }
dgm4k+4(T2) = .

5.4. Persistent Fundamental Groups under Wedge Sums. The wedge sum X v Y of
two pointed metric spaces X and Y is the quotient space of the disjoint union of X and
Y by the identification of basepoints zo ~ yo: X vY = (X 11Y) /~. Denote the resulting
basepoint of X v Y by z5. Let the wedge product be equipped with the gluing metric (see
[AAGT19]):

dx.y(z,y) = dx(z,z0) + dy(y,y0),Vx € X,y Y

and dx,y|xxx = dx,dx,y|yxy = dy. Notice that the above definition can be generalized to
the case when we glue n different pointed metric spaces (Xi, 1), -+, (X, z,) by identifying
z; ~ z; for all 1 < i,j < n. We denote the resulting space by \/!_,(X;, z;), or \/I__, X; for
simplicity, with the gluing metric:

Ay x,(Wis y5) = dx, (Yis i) + dx; (Y5, 75), Vi # §,yi € Xi,y; € X;

and dXi\/Xi XixX; = dXi forl<i<n.

Proposition 5.26 (Proposition 3.7, [AAGT19]). Let X and Y be pointed metric spaces. For
each € > 0, we have the basepoint preserving homotopy equivalence

[VR(X) v [VR(Y)| = [VR(X v Y|
Furthermore, for 0 < e < €, we have the following commutative diagram:

[VR(X)| v [VR(Y)| —— [VRa(X)[ v [VRe(Y)|

=| |=

VR(X vY) e [VRs(X v V).

By applying the fundamental group functor to the above commuting diagram, where all
maps preserve basepoints, we obtain a corollary about the persistent fundamental group of
the wedge sum of metric spaces.

Corollary 5.27. Let (X, zq) and (Y, yo) be pointed metric spaces, and let zy be the basepoint
in X vY obtained by identifying xo and yo. There is a natural isomorphism of persistent
groups:

PHl(X Vv Y, Zo) = Pl_[1<)(7 .130) * PHl(Y, yo),
the coproduct of PII;(X) and PIL,(Y) given by componentwise free product (see Page 9).

Proof. This follows immediately from Theorem 4.15, Proposition 5.26 and the van-Kampen
theorem (see [Hat0O1, Theorem 1.20]). O

Remark 5.28. Via the isomorphism between PIIY® and PIIX, Corollary 5.23 and Corollary
5.27 can both be derived in a much simpler way using Kuratowski filtrations. See the proof
of [LMO20, Theorem 4.1] for details.
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Example 5.29 (Bouquets of circles). Let 0 =119 <711 <719 < --- <1, and let ki, ko, -+ , kp
be positive integers. Consider a bouquet of circles given as follows: let

C = <\1/Sl(r1)> v (\Q/SI(T2)> VERERY, <\n/Sl(rn)>

by gluing one point from each circle together. Then,
PII(C) - {

where PIIY(C) := 7 (C) = Z*k+++ka) - In addition,

g o 27 2r | —
7+ (ki n) if i <e< Fryfore=1,---,n.

. ?
0, if € > %’Trn.

PIL(C) = [ 2% [0, 3 = [ [ 2045 [z, 2,
i=1 i=1
Notice that the number of free generators of PII{(C') can be represented by a stair-case
function:

Fo(e) ki 4+ kp, ifee[%’rri_l,%’rm),forizl,'--,n.
€) :=
¢ 0, if e € [%’rrn,—i-oo).

Taking r; = 1,7y = 2 and r3 = 3, we obtain the function fs shown in Figure. 5

3 ‘
| fc
2+ —
14 3 :—
0 I S
2 4w 67
C 3 3 3

FIGURE 5. Bouquets of three circles with r; = 1,79 = 2 and r3 = 3 (left)
and the corresponding function fo (right) representing the number of free
generators of PII{(C).

5.5. Relation to Persistent Homology Groups: Persistent Hurewicz Theorem.
In [BCW14], Barcelo et al. established a slightly different definition of e-homotopy, where
an e-homotopy between two e-chains y; and 9 (of the same size n) is an e-Lipschitz map
H : ([n] x [m], ) — (X,dx), instead of equipping [n] x [m] with the £* metric as we do in
this paper. They proved a discrete version of the Hurewicz theorem under the ¢! metric in
[BCW14]. Via a similar argument, we obtain the following:

Theorem 5.30 (Discrete Hurewicz Theorem). Let ¢ > 0. Let (X,zq) be a pointed e-
connected metric space. Then there is a surjective group homomorphism

pe : (X, x0) — PHYR(X) .= PHY? (X Z)
such that ker(p.) = [7$(X, xg), 7$(X, x9)], the commutator group of w$(X, o).

By checking that p := {p}es0 € Hom(PIL; (X), PHY®(X)) (see Page 39) and applying the
ismorphism theorem of persistent fundamental groups, we obtain the persistent Hurewicz
theorem:
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Theorem 5.31 (Persistent Hurewicz Theorem). Let X be a chain-connected metric space.
Then there is a natural transformation

PIIX(X) £ PHK(X),
where for each € > 0, p, is surjective and ker(p.) is the commutator group of PIIL(X).

Proof of Theorem 5.30. Here we adapt the proof of Theorem 4.1 from [BCW14]. For sim-
plicity, we fix € and write p for p.. Also, we write d for dx and omit = for the concatenation
of discrete loops.

Let [v] € 7{(X,zo) and choose a representative v = oz - Tpy1 With 2,41 = xo. For
each i € [n], since d(x;,x;41) < €, 0; := {;,x;11} is an 1-simplex in VR (X)), implying that
> 0i € Ci(VR(X);Z). Note that Y, 0; € ker(d), because

01 (Zm) =(x1—x0)+ (ra—21) + -+ (Tp1 — ) = 0.

Define 5(7) = 3, 05. Let p : ker(,) — PHY™(X) be the canonical projection, and define

p([7]) == p(p(7))-

Claim 1: p is well defined.

It suffices to prove that p is well-defined under basic moves. Let v = zgxy - - - £,29. Suppose
that by removing some point z; (1 < i < n), we obtain an e-chain y; = xoxy « -+ ;_1Ti41 - - - TpTo.
Then,

p(y) = p(vi) = {zic1, vt +{xi, w1} — {wic1, i1} = ({1, 5, Tiga }).

Because «; is an e-chain, d(x;_1,d;11) < €, and thus {z;_1,2;, 241} € Cy (VR(X);Z). Tt

follows that p(v) — p(vi) € Im(2) and p(y) = p(7i)-
If adding y; results a new e-chain v, = xoxy - - x;_1Y;x; - - - TpTo, We can apply similar

arguments to obtain p(7y) — p(v)) = G2({xi—1, yi, z;}) € Im(ds) and thus p(y) = p(7)).

Claim 2: p is a group homomorphism.

Let 71 = xox1 -+ TpZni1 and Y2 = Yoy1 * ** YmYm+1 Where To = Tny1 = Yo = Ym+1. Then

plna) = Z{x T} + Z{yj,yj+1} = p(m) + p(12) = p(nre) = p(m) + p(72).

Claim 3: p is surjective.

Let A € ker(d1). As an element of C}(VR(X);Z), A can be written as Zf;l n;o; for some
n; € Z and o; = {z;,y;} such that d(x;,y;) < e for all 7. Since d;(\) = 0, we have

k
Z ni(y; — ;) = 0. (7)

Let S ={z;y;:i=1,--- k}. Given g€ S,

e let m, be the sum of coefficients of ¢ in Equation (7). Note that m, = 0.
e let 3, be an e-chain from zy to ¢ in X.
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ni, nz

For each 4, define n; := (3,,0:0,, !. Clearly, every 7, is an e-loop. Let v = n{"'ng? - - - %, which
is again an e-loop. In addition, we have p([y]) = A, because

p(y) = 2 ni(p(Be) + 0i = p(By,))

'M?r

@
Il
—

Uz+2nz (Bz;) — p(By,))

M?r I Mw

= n;o; + Z mgp(5By)
i=1 qeS
k

= Zniai =\

@
Il
—

Claim 4: ker(p) = [7$(X, o), m(X, zo)].

By the previous claims, Im(p) = PH)™“(X) is Abelian. Since Im(p) = 7¢(X, z)/ ker(p), it
must be true that [7$(X, o), 7(X, zo)] < ker(p). It remains to prove the reverse inclusion.
Let v = vgvy - - - 0,041, With vy = v,41 = xg, be an e-loop such that v € ker(p). It follows
from p(y) = 0 that there exists o = Zle n;o; with o; = {x;,y;, 2;} € Cy (VR(X);Z) such
that

k
v = 0a(0) = an (i, yit + {2zt + {yis 2i}) - (8)
i=1
Denote o} = {z;,vyi},0? = {yi, z;} and 0} = {2;, z;}.
o Let L := {ai ci=1,---,k;j =1,2,3}. Given ¢ € L, let m¢ be the sum of coefficients
of ¢ in Equation (8).
e Let S be the set of endpoints of all O' . For each g € S, let 3, be an e-chain from z,
to ¢ in X.
For each 4, define n; := (8,,0; 8, )(By,078.,") (8,00 8:") = Be,ot0l0l B, which is an e-chain.
Assume (3, = zowy - - - wyx;. It follows from {x;, y;, zz} € Cy (VR(X);Z) that

N = ToWi- - WTiT;iYiYiZiZiTiWwy - - - W1To
~ W WITY 4T W Wi
~1  ToWy - WITY; Ty - WL
~{ Towp - WTTW - WL
’Vi xo.
Let n = n{"*ny? - - -m*, which is e-homotopic to the constant loop .

Recall that v = vovy - - - v,0,41. Let 7 = {v;,v;41} for i € [r] and let 7 = []._, 6T,L.(0)TZ»BT:(11),
which is e-homotopic to 7. Therefore, v ~¢ 7i~1. For each ¢ € L, the loop BC(O)Cﬂg_(}) appears
me times in 7, and —m, times in 7. So each 5((0)(54_(%) appears in 7! with exponent
adding up to zero, so [v]. = [Tn7Y. € [7$(X, z0), 75X, 20)]. O

Proof of Theorem 5.31. We follow the notations from the proof of Theorem 5.30, but adapt
them to indicate their dependence on the index e. For € > 0, we let Jf be the first boundary
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map of chain complex of VR.(X), let p¢ be the canonical projection ker(é$) — PH)™(X)
and let p¢ : L9(X, z9) — ker(d5) be given by

ToT1 - - Ty — (To, 1) + (T1,22) + - + (2p, o).

To prove the theorem, it suffices to check that {p.}eo € Hom(PII;(X), PHY®(X)). For
0 < e < €, it can be directly checked that each of the three squares in the following diagram
commutes:

/

PIIS (X) —— £(X) —2— ker(¢) —2— PHY™(X)

[ J J |

PII (X) > LX) —— ker(d]) —— PHY™(X).

O

Remark 5.32. By the isomorphism of persistent fundamental groups (cf. Theorem 5.12),
Theorem 5.30 follows from the standard Hurewicz theorem. Futhermore, for any n > 1,
there exists a group homomorphism

PHS,E(X7 .730) ﬂ) PHE’G(X, 130).
When X°€ is such that m; (X 29) = 0 for 1 < i < n — 1, the homomorphism h,, is an
isomorphism.
6. STABILITY OF PERSISTENT HOoMOTOPY GROUPS

Recall that the interleaving distance between persistent groups G and H is given in Defi-
nition 3.8 by letting C = Grp:

di(G,H) :=inf{d = 0 : G and H are J-interleaved}.

In this section, we prove the following stability theorem for the interleaving distance of
persistent K-homotopy groups (equivalently, for persistent VR-homotopy groups):

Theorem 6.1 (di-stability for PIIX(e) and PIIYR(e)). Let (X, x0) and (Y,yo) be pointed
compact metric spaces. Then, for each n € Z=1,

dl (PHS(Xv xO)? PHS(Y7 yo)) < dIC)}tH«Xa ng0)7 (Y7 yO))'
If X andY are chain-connected, then
dp (PILE(X), PIL(Y)) < den(X,Y).

Via the isomorphism PIIN® = PIIY®2* | the above two inequalities also hold for PITYR (), up
to a factor %
As a consequence of the above theorem, we can derive a stability theorem for fundamental

groups:

Theorem 6.2 (dgu-stability for 0. (.)). If compact geodesic metric spaces X and Y are
s.l.s.c., then

dar (710Xt ) > (M), ) ) < 2 den(X,Y).
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Given the isomorphism between the persistent fundamental group and the persistent K-
fundamental group (cf. Theorem 5.12), another immediate application of Theorem 6.1 is the
stability for persistent fundamental groups:

Theorem 6.3 (d;-stability for PII;(e)). Let (X, x¢) and (Y,yo) be pointed compact metric
spaces. Then
di(PT1,(X, o), PILi (Y, 90)) < 2 degg (X, 20), (Y, 90))-

6.1. Stability for PII} (e), PIIY¥(e) and 7, (e). To prove Theorem 6.1, we use the stability
of homotopy interleaving distance under the Gromov-Hausdorff distance (see Theorem 3.12).
As homotopy groups depend on basepoints when spaces are not connected, all maps between
topological spaces are required to be basepoint preserving in this section.

Given an Ry -space V : (R;, <) — Top, we denote by limV the limit of V together with
morphisms v, : imV — V(¢) for each t € R,. For any x € imV, let (V,z) be the functor
from (R, <) to Top™ such that (V,z)(t) = (Vi,v(x)) and (V,z)(t < s) = vj. Given two
R, -spaces V and W, as well as x € imV and y € limW, we say that (V,z) and (W,y)
are weakly equivalent if V.~ W via basepoint preserving maps. And (V,z) and (W, y)
are said to be d-homotopy-interleaved if there exist V/, W' : (R,,<) — Top™ such that
(V' 2') ~ (V,z), (W,y) ~ (W,y) for some 2’ € imV’ and 3/ € limW’, and (V’,2') and
(W' y') are d-interleaved.

Lemma 6.4. Let V and W be two R, -spaces. If V ~ W, then there exists x € imV and
y € imW such that (V,z) ~ (W,y). Moreover, if (V,z) ~ (W,y), then for alln > 1,

o (V,z) = m, o (W,y).

Proof. Since V. ~ W, there exist an R,-space U and natural transformations f : U = V
and g : U= W that are (objectwise) weak equivalences. Because of the universal property
of imV, there exists a morphism lim f such that the following diagram commutes for all
0<t<s:

Vi < J;t

imV <2 1imu

RN

s <

U

S-

Similarly, there exists a morphism limg : limU — lim W satisfying a similar commutative
diagram. Take any z € limU and let x := (lim f)(z) and y := (limg)(z). It is clear that
(V,2) >~ (W,y).

In addition, we have the following commuting diagrams (for each 0 < ¢ < s):

ﬂnftOﬂ'nt’1 7 (ge)o(mn (ft -1
T (Vi vy () ST () 22D V()
Tn(Vs, 05(2)) 64— m (Wi, w0,(y)) ———————— ma(Va, vs(2)).

7 (fs)o(mn(gs)) ™! mn(gs)o(mn (fs))™

Thus, 7, o (V,z) and 7, o (W, y) are naturally isomorphic. O
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Lemma 6.5. Let V and W be two R -spaces. Then, for any x € limV and y € lim W,

di (mp 0 (V,2), 7 0 (W, y)) < din ((V,2), (W, y)).
Proof. Suppose (V,z) and (W, y) are 5—homotopy—interleaved for some § > 0. Then there
exist VW : (R;,<) — Top* such that (V',2') ~ (V,z), (W y) ~ (W,y) for some
2 € limV and ¢ € im W', and (V',2') and (W', y') are d-interleaved. By Lemma 6.4, we
know that 7, o (V,z) and 7, o (V',2’) are O-interleaved, and m,, o (W, y) and 7, o (W', y/) are
O-interleaved. Thus,

di (7 0 (V. 2), 7, 0 (W, 7)) o (V,x), my o (V' 2")) + dy (m, o (V',2'), m, 0 (W, 3/))

dy (7

dy (7, 0 (W, y), mn 0 (W, y))
0+d; (V,2"), (W, y))+0
0.

N INF A

O

Proof of Theorem 6.1. We first notice that the proof of Theorem 3.12 (see [BL17, Page 20])
can be modified to show that

dut ([VR(X)],20) . (I[VR(Y)], 0)) < 2 dggg (X, 20), (Y. 90))-
Applying Lemma 6.5, for each n € Z~; we obtain
di (PIL, (X, o), PILY (Y, o)) = di (ma © ([VR(X)|, 20) , ™ © ([VR(Y)]. %0))
< dut ([VR(X)], z0), ([VR(Y)],%0))
< 2 dgu (X, m0), (Y, 0))-
It follows from Corollary 5.11 that
d (PHL((X, :Uo), PHE(Y, 3/0)) = % ~dy (PHXR<X7 $0)> PHXR(K yO)) < dI();tH((X7 $0)> (Y> ?Jo))-

When X and Y are chain-connected, we can take the infimum over all pairs (xg,y9) € X x Y
of both sides of the above Equation to get

dy (PTIS(X), PIS (V) = § - dy (PTYR(X), PILYR(Y) < dan (X, V).

Proof of Theorem 6.2. By Theorem 5.18, we have the leftmost inequality below:

don (M (X)s10,,00) )+ (MY )11, ) ) < a6, ), Br) < da(PIL(X), PTL (V). (9)

The second inequality is true because any d-interleaving between PII; (X)) and PII; (V) clearly
induces a d-interleaving between 0., (x) and 0, (y). It follows from Theorem 5.12 that

di(PIL; (X), PIL,(Y)) = 2 - d; (PII}(X), PII{(Y)) - (10)

Finally we combine Equation (9) and Equation (10) together, and then apply Lemma 6.5
for the case n = 1, to obtain

dan (110Xt ) > (M), ) ) < 2 den(X,Y).
O

To see that persistent homotopy sometimes provides better approximation of the Gromov-
Hausdorff distance than persistent homology, we examine the following example.
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Example 6.6 (S' x S! vs. S v S!). Let 7% = S! x S! denote the torus constructed as the
¢* product of two unit circles, and let C' = S' v S! be the wedge sum of two unit circles. By
Example 5.13 and Example 5.29, the persistent homology groups of C' are: for all k > 1,

(Z x Z) (£ 2m
(Zxc > Zxc)[

27r) if n =2k -1,

) 2k+1

21

PHYR(C) =~ {

2|, if n = 2k

2k+1 ’ 2k+1

Following from the above, we can compute the persistent homology with coefficients in R
and obtain the undecorated persistence diagrams of C' as follows: for all k > 0,

dgmy, 4 (C) = {(2k+1 2m, 212113 2”) (2k+1 2m, Qkkilzs QW)} ,
dgm2k+2(0) = .
It is clear that dgm(C') = dgmy(7?) = {(0,90)}. Together with Example 5.25, for all & > 0,
we have dgm2k+l(T2) = dgm2k+l<0)a dgm4k+4(T2) = dgm4kz+4(c>v
dgm4k+2(T2) = {(2k+1 2, 2";33 27r)} and dgmy, ,(C) = &.
Thus,
sup dB (dgmn (TQ)’ dgmn(c)) = sup dB (dgmn(T2)7 dgmn(c))

n=0 n=4k+2,k=0

= supdp ({ (51757 27, 575 27) } . D)

k=0

3

s
= SUP s = =-
2k+3)(2k+1 3
o (CRE3)(2k+1)

Thus, the best approximation of dqy(7?,C) given by persistence diagrams is obtained at
homological dimension 2. Now let us see that the same lower bound for dgu(7?,C) can

already be realized by the interleaving distance between persistent fundamental groups.
Recall that

PII(T?) = (Z x Z) (0,%) and PIL(C) = (Z+Z) (0,%) .
We claim that

dI(PH1<T2)> PIL(C)) = %

Indeed, because the composition of group homomorphisms Z « Z — Z x Z — 7Z = Z can never
be Idz.z, it must be true that di(PII;(T%), PII;(C)) > Z. By directly checking that PII;(7?)

and PII;(C) are Z-interleaved, we can conclude that di(PII;(7?), PIL;(C)) = .

Example 6.7 (S! x S™ vs. St v §™). For m > 1, let Sm denote the m-sphere of radius 1,
equipped with the geodesic distance. We denote a,, := 3 Larccos(— +1) By the remarks on
Page 508 of [[<at83], (S™)° is homotopy equivalent to S™ for any € € (0, a,,) and the inclusion
(S™)° < (S™)¢ is a homotopy equivalence for 0 < € < ¢ < a,,. Thus,

(IVR24(S™)]) l(0.am) = (8™)*[(0,0,0) = S™(0, asn),

where | 4,,) means restriction of functors to the interval (0, a,,) and S™(0, a,,,) is an interval
persistence module (see Page 13). Since a,, < a1, we have ([VR24(S")]) [0,am) = S'(0, asn),
and thus, for each n > 1,
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‘ PHXR ‘(072a'm) ‘ PHXR |(072a'm)

St x §™ | (7, (St x ™)) (0, 2a,,) | (H,(S* x S™)) (0, 2a,,) -
St v S™ | (m,(St v S™)) (0, 2a,,) | (H,(S* v S™)) (0, 2a,,)
When n = m > 2, we apply Proposition 3.1 to the above table to obtain

‘ PIL™ | (0,20,0) ‘PHTVnR’(ozam)

St x §™ Z(0,2a,) Z(0, 2a,)
Stv S™ | (Z[t, t7])(0,2a,) | Z(0,2a,,)

Because the composition Z[t,t™'] — Z — Z[t,t™'] can never be Idgy -1, the leftmost
inequality below is true:

2oa, <iodi (PIZVE(S' v S™),PIIV (S' x ™)) < den (S' v S™,S' xS™).

The rightmost inequality follows from Theorem 6.1. On the contrary, the restriction of
persistent homology PH%R |(0.2a,,) 15 MOt enough to distinguish S' v §™ and S' x §™. The
reason to work on the restriction instead of the whole persistent group is that homotopy
groups 7, ([VR(S™)|) (or homology groups H,, (|[VR(S™)|)) are not totally known when
€ = Q-

When n = 1, we have seen in Example 6.6 that

‘ PITYR ‘ PHYR

St x St | (Z x Z)(0, %) | (Z x Z)(0, %) -

3 3
T

S'vS' | (Z+2)(0.%) | (Z % 2)(0, %)

Example 6.8 (S! x S! vs. S' v S! v §?). By an argument similar to that of Example 6.7,

we obtain the following table for as = %arccos(—%) and each n > 1:

‘ PILV™ | (0,202 ‘ PHY™ [(0.24)

St x St (m, (ST x S1)) (0, 2a5) (H,(S' x S1)) (0, 2as)
St v St v §% | (m(St v St v §%))(0,2a2) | (Ha(S' v ST v §%)) (0, 2az)

Because S! x St and S v S! v §? have isomorphic homology groups in all dimensions, their
persistent homology restricted on the interval (0, 2ay) are also isomorphic. However,

PIIY® | (0.240) (S' x S') = (Z x Z)(0, 2a5) and PII® |(g24,)(S' v S' v §?) = (Z = Z)(0, 2a,)

are not isomorphic. Moreover, because the composition of group homomorphisms Z = Z —
Z x 7 — Z = 7 can never be Idz,z, the leftmost inequality below is true:

1oay < i o (PIYH(S' vS' v §?) ,PI (S x §Y)) < dau (S' v S'vS* S xS).

The rightmost inequality follows from Theorem 6.1 with n = 1.
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6.2. Second Proof of Stability for PII;(e). In this section, inspired by Wilkins’ work
[Willl] we provide an alternative proof of Theorem 6.3. This alternative proof is more
constructive and independent of the notion of persistent K-fundamental groups. Let us
recall the theorem here:

Theorem 6.3 (d;-stability for PII;(e)). Let (X, x¢) and (Y,yo) be pointed compact metric
spaces. Then

dy(PIL (X, 20), PIL (Y, o)) < 2 dgy (X, o), (Y, 10)).

Based on [Willl, Lemma 6.3.3], we first introduce a way to construct maps between
discrete fundamental groups and prove Lemma 6.10.

Definition 6.9 ((¢, d)-homomorphisms). Let X and Y be compact metric spaces with base-
points xy and yq, respectively. Let

R XX 7 2y

be a pointed tripod (i.e., there exits zp € Z such that ¢x(zy) = x¢ and ¢y (z9) = yo) with
dis(R) < e. Since ¢y is surjective, for each ¢ > 0 and each d-loop 5 : [n] — Y, there is a
discrete loop 73 in Z such that ¢y o y3 =  and v3(0) = vs(n) = 29, as expressed by the
following diagram:

Using the above, we define a map
st (Y, yo) — mTO(X, m) such that [8]s — [dy © Vs]ess,
and similarly a map
dre (Y, yo) — w0 (X, wg) such that [a]s — [¢x © Yalers:
We call the maps ¢g+e and (ngrE the (e, 0)-homomorphisms induced by the tripod R.

In [Will1], Wilkins’ construction of group homomorphisms between discrete fundamental
groups is induced by some isometric embeddings of X and Y into a common metric space Z,
and is applicable to any ¢ > 2d%(X,Y’). Notice that given a tripod R between metric spaces
X and Y, R induces a metric space Zr which X and Y are isometrically embedded into, with
dZR(X,Y) = 2dis(R). We will prove in the next lemma that Definition 6.9 defines group

homomorphisms for all € > 2dis(R) = dZ%(X,Y), which is an improvement over Wilkins’
construction.

Lemma 6.10. With the notation from Definition 6.9, the (e,d)-homomorphisms induced by
a tripod R:

e (Y, 0) = (X, o) and ¢ w9 (X, w0) — (Y, yo)
are well—deﬁned group homomorphisms. Furthermore,
= {27} 520 € Hom"(PIT, (Y), P11 (X)), ¢ := {403} 520 € Hom®(PII; (X), PII,(Y)),

and
wﬁ © (;56 = 112)61_11 gb 1/} 1%61'[1 )
In other words, PI11(X) and PII1(Y) are e- mterleafued via Y. and ¢..
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Proof. Fix 6 > 0. For a d-loop 3 in Y, since ¢y is surjective, let 5 be a discrete loop in Z
such that ¢y (vs) = S and v3(0) = y3(n) = 2p. Because of the fact that (¢x(vs),0) € Re
and by Lemma 4.22, ¢x(73) is an (e + d)-loop in X. So g“ maps to 7T (X, xo).

Claim 1: wgJ“ is independent of the choice of 7.
Suppose 8 = yoy1---Yn With y, = yo is a d-loop in Y. Suppose that 75 = 25--- 2,
and v = 2 z,, where 2, = z, = 2z, = z the basepoint of Z. For each i € [n], as

n’

Yi = ¢y (zi) = ¢y (2]), we have
dx (¢x(2), dx () < dy (yi, ;) + dis(R) < e,

and for each 7 = 0,--- ,n — 1, we have

dx(ox(2:), Ox(2i41)) < dy (i, yis1) + dis(R) <0 + €.

Thus, inserting ¢y (z;) between ¢x(z;_1) and ¢x(z;) is a basic move up to (4 + €)-homotopy,
for all ¢ = 1,--- ,n. This results into the following (¢ + €)-chain in X:

Ox (20)Px (1) dx (21) - Ox (27,) Px (2n)-
By sequentially removing ¢x(z;) for each i = 1,--- ,n, we obtain a (4 + ¢)-homotopy from

¢x(7s) to dx(75). Hence, [¢x(vs)]s+e = [0x(v5)]s+e.

Claim 2: ¢§+€ is independent of the choice of f3.

Suppose [ ~§ B inY, where 8 = yoy1 - - -y, and ' = ylyy - - -y, with y, =y, = y) = vo.
Then there is a 6-homotopy in Y:

HY = {6 = 507517"' 7ﬁk—17ﬁk = 5/}

such that each (; differs from (;_; by a basic move. For each j;, let 75, be a discrete loop
in Z such that ¢y (vs,) = f; and vg,(0) = v5,(n) = 2. Then

Hx = {¢X(750)7 ¢X(751)7 ) (bX(P)/kal)? ¢X(7ﬂk)}
is an (e + d)-homotopy between ¢x(v3) and ¢x(vs). Therefore,

57 ([81s) = [ox (8)lers = [ox (v5)]ers = U5 ([8s)-

Claim 3: ¢g+€ is a group homomorphism.

Take two d-loops 3 and B’ in Y, and choose 75 and v so that ¥:2™([5]s) = [¢x(78)]ess
and ¥37([8']5) = [¢x(7s)]ers as before. It follows from ¢x (75 vs) = dx (vs) * px (ys) that
(¢x(78) * dx(vs), B+ B') € Re. Thus,

ST(8 * B15) = [éx(v8) * dx (va)]exs = ¥ ([Bls)gH([8]s)-

Claim 4: PII;(X) and PII;(Y) are e-interleaved via 1. and ¢..
Note that the following diagram commutes for all § < §”:

PII(Y) —% s PIIO*(X)

Y X
q>5,6’l lq>6+e,§/+e

PIIY (V) —— PIIZ*¢(X).

€
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Indeed, given a d-loop B in Y, let v3 be a discrete loop in Z chosen as before. Then,

0 @35 ([8ls) = ([ﬁ] ) = [ox(18)]5+e:
‘I)5+65'+e o e([Bls) = 5y earsc([Ox (V8)]5+e) = [0x(78)]ore.
),

Therefore, 1. € Hom*(PII;(Y), PII; (X)) and a similar argument can be applied to prove
that ¢, € Hom*(PII; (X), PHl(Y)) Also, by directly checking the relevant definitions, it is
not hard to see that ¢, o ¢ = 137, x) and Ge 0 e = 1%6111(1/) O

It is clear that Lemma 6.10 immediately implies Theorem 6.3.

The next lemma refines Lemma 6.3.3 from [Will1] by improving the factors in equations
(11) and (12) from { to 3:

Lemma 6.11. Let X and Y be chain-connected compact metric spaces.

(1) Assume that there exist & > X > 0 and € > 0 such that ®X _, 5 is surjective. If
deu(X,Y) < 3 minfe,§ — A}, (11)

then there exists a poz’nted tripod R such that for any (xo,yo) € R, the (€,0)-homomorphism

ot md(Y,yo) — (X, o) induced by R is surjective.

2) Suppose that there exist X < e such that ®X, and ®Y , are surjective for every
t1,t2 t1,t2
A<t <ty <e GenA<d<d <€ <e, if

den(X,Y) < %min{é—)\,é’—d,e—e'}, (12)
then we have the following commutative diagram:

!
v

Proof. For Part (1), let 7 := $ min{e,d — A}. Since dgu(X,Y) < 7, there exists a tripod

Rix 2 7z 2,y

with dis(R) < 27 < e. Take a pair (z9,y0) € R, and then let X and Y are based at
zo and yo, respectively. Let ¢3¢ @ 7(Y,y0) — 7T(1$+€<X zg) be the (e, d)-homomorphism
induced by R given in Definition 6.9. It has been proved in Lemma 6.10 that ¢5+e is a
group homomorphlsm It remains to show 1/15“ is surjective. Let a be an (e + d)-loop in X.
Because @, , is surjective, there exists a A-loop o/ in X that refines . Let 7, be a discrete
loop in (Z, zg) such that ¢x(7+) = . By Lemma 4.22, ¢y (7)) is a (A + dis(R))-loop, and
thus a (0 + €)-loop because A < § and dis(R) < e. It follows that

5+e<[¢y<,ya )] ) [¢X(7a’)]6+5 = [Oé]e+5.

Hence, ¢5+E is surjective. As X and Y are chain-connected, the same result holds for any
other ch01ce of basepoints.

For Part (2), let 7 be equal to the right side of Equation (12). As in Part (1), we choose
a tripod R with dis(R) < 27. Take a pair (zo, %) € R, and then let X and Y are based at
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xo and g, respectively. Let a be a d-loop in X, and let v, be a discrete loop in (Z, zy) such
that ¢x(7a) = a. Since § + 27 < &', we have ¢2 ([a]s) = [¢y(7a)]s. Thus,

Ui 0 @5 005 ([als) = U5 0 Dy o ([9y(a)ls) = ¥5 ([ov (1a)]e) = [ale = @5 ([als).
O

7. APPLICATION TO FINITE METRIC SPACES

In this section, we analyze several examples of finite metric spaces to further understand
the generalized subdendrograms obtained in Lemma 4.27. In general, given a pointed metric
space (X, ), the set of discrete loops £(X, ) is in bijection with the set X~ = {{x;};ex :
x; € X}. Even when X is a finite metric space, L(X, x¢) can have large cardinality, making
the illustration of its subdendrogram rather difficult. To simplify the graphical representation
of the resulting subdendrograms, we introduce the equivalence relation ~ on L(X, zq) given
by:

v ~ ~"iff v and 4 have the same birth time § > 0 and v ~$ 7/,
which implies that v ~{ +/ for all € = §. Clearly, ~ is an equivalence relation and we denote

L(X,x0) := L(X,z0) )/ ~,

and write [vy] for the equivalence class of a discrete loop v under the relation ~. Let px :
L(X,z9) - L(X,x) be the resulting quotient map, i.e., px(vy) = [y]. It is not hard to see
that L(X,xo) is a monoid under the operation px(v) ® px(v') := px(y =+'). The existence
of inverse elements is not guaranteed because 7 * y~!, where birth(y) = 6 > 0, is a §-loop
and cannot be equivalent to the 0-loop zg. Let L(X, zq) be the set of equivalence classes of
discrete loops in X with birth time e, i.e.,

L(X, z0) = <ce<x, ro) — | J L0, x0)> / ~.

d<e

It is clear that L¢(X, xg) is a semigroup, i.e., it is closed under the operation e which satisfies
the associative property. Furthermore, L(X, ) is a sub-semigroup of L(X, xg).
It can be directly checked that the constructions and results in §4.4 all apply here:
e The pseudo-ultrametric ugp on L(X,zg) induces a pseudo-ultrametric on L(X, zy),

still denoted by ,ugp. In particular, for any two discrete loops v and 7/,
1 1
iy (D) = 1y (3:7).

e Let (X, z0) and (Y, yo) be in MP*. Then each pointed tripod

R XX 7 9y

induces the following tripod between L(X,xy) and L(Y,1):

pxodx Py ody

RL = L(X> *TO) D — E(Za ZO) - L(Y7 yO)a
with dis(R) < dis(Ry).
e Given (X, ) and (Y, y) in MP
don(L(X, 70), LY, 10)) < dBia((X, 20), (Y 30).

e Let X be a compact geodesic space or a finite metric space. The map € — 7§ (X, x¢)
induces a generalized subdendrogram over L(X, z), denoted by 92( X0)-
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Proposition 7.1. Given (X, xg) € MP* and e > 0, if L(X, zq) is non-empty, then L¢(X, o)
is isomorphic to a sub-semigroup of w5(X, xg).

Proof. 1t suffices to show the map f: L(X, zo) — 7$(X, zo), with [y] — [7]c is an injective
semigroup homomorphism. Given discrete loops v and 4/ with birth time e such that v ~ 7/,
we have 7 ~{ /. Thus, f is well-defined. Clearly, f preserve the semigroup operation. It
remains to check that f is injective. Indeed, if f([v]) = f([7]) for some v and ~" with birth
time €, then v ~{ +’. Thus, we have v ~ /. O

The following corollary follows immediately:

Corollary 7.2. Let (X,x9) € MP" and ¢ > 0. If n5(X,z9) = 0 and L (X, x¢) # I, i.e.,
there exists a discrete loop . in X with birth time €, then

LA(X, xo) = {[7e]}-

Finite Tree Metric Spaces. Recall from Page 10 that a finite tree metric space (T, dr)
is a finite metric space where dr satisfies the four-point condition. It is proved in Theorem
2.1 of [CCR13, Supplementary material] that the k-th homology group of VR.(T") is 0 for
all k£ > 1. By adapting the proof, we obtain the following theorem applicable to persistent
fundamental groups:

Theorem 7.3. Let T be a finite tree metric space and fix € > 0. For each xy €T, we have
PHl (T, l‘o) = 0.

Proof. Recall from Theorem 4.15 that «$(T,x¢) = m (|[VR(T)|,x0). When e > diam(T),
|[VR.(T)| is contractible and thus has trivial fundamental group. Let us assume ¢ < diam(7")
and show that m; (|[VR(T)|,x¢) = 0 for all 5 € T' by induction on the cardinality of T

It is clear that the statement is true when 7' contains only one point. Now we suppose
that m; (|[VR(T")], z() = 0 for all ;€ T, whenever T” is a tree metric space with cardinality
< n. Let T be a tree metric space with n points, based at point zy. Recall the equivalence
relation ~{ given on Page 17, under which 7" breaks up into equivalence classes T = 1, T,.
When T is not e-connected, each T, has cardinality < n. By the induction hypothesis, if
xg € Ty for some 3, then m; ([VR(T')|, x0) = m1 ([VR(Tp)|,z0) = 0.

We suppose next that T is e-connected. Let x; and x5 be two points in 7" such that
dr(x1,z5) = diam(T). We denote T} := T — {x1} and Ty := T — {x2}. It has been shown
in Proposition 2.2 and Theorem 2.1 of [CCR 13, Supplementary material] that the following
are true:

o |[VR.(T)| = |[VR(T1)| u |[VR(T»)|, where |VR(T;)| is path connected for i = 1,2;

o |[VR.(T1)| n|VR(T2)| = [VR(T — {x1,x2})| is path connected.

o |[VR.(T1)|, |VR(T32)| and |VR(T — {x1,x2})| all have trivial fundamental groups
based at xg, by the induction hypothesis.

Let g be distinct from 7 and z5. Then we can apply the van-Kampen theorem (see [Hat01,
Theorem 1.20]) to conclude:

T ([VR(T)|, w0) = m1 ([VRe(T3)|, o) * m1 ([VR(T2)], 20) = 0

As |[VR(T)| is connected, we finally obtain m (|[VR(T)|,Zo) = m (J[VR(T)|,x0) for any
ToeT. U
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7.1. Finite Metric Spaces Arising from Graphs. Next we study the discrete loop set
and the persistent fundamental group of graphs. All our graphs are finite, undirected and
simple (i.e., with no self-loops or multiple edges) graphs, with weight 1 on each edge. Given
a graph GG, we can obtain a metric space by equipping the vertex set with the shortest path
distance dg. For simplicity, the resulting metric space is written as (G, dg), where the base
space shall be understood as the vertex set of GG. The girth of a graph is the length of its
shortest cycle or oo for a forest (see [Adal3]).

Proposition 7.4 (Fact 2.1 & Proposition 2.2, [Adal3]). For any connected graph G and
r =1, the map of fundamental groups

™ ([VRU(G)]) = m (VR (G)])

induced by the inclusion VR1(G) — VR,.(G) is surjective. Furthermore, if r = 1 is such that
G is a graph of girth at least 3r + 1, then

T ([VRi1(G)]) = m1 (VR (G)))
for each 2 < k <r.

Let n € Z=3. A cycle graph C,, is a graph on n vertices containing a single cycle through all
its vertices. A star graph S, is a tree on n vertices where one vertex (called the center) has
degree n — 1 and the others have degree 1. Because of the symmetry, the set of discrete loops
L(C,, vg) and the persistent fundamental group PII;(C,,, vy) do not depend on choices of the
basepoint vy. As for S,,, we always choose its center to be the basepoint. For convenience,
we denote the vertex set V(C ) {0, 1,---,n — 1} such that dg, (7,7 + 1) = 1, and denote
the vertex set V'(S,,) = {0,1, - — 1}, with 0 the basepoint in both cases.

1
» L
l
Fy
.

0

FIGURE 6. Graphs Cj (left) and Sy (right).

For later purpose, we introduce another metric space on the set of n points, E, :=
({0,1,--- ,n —1},dg,), where

. 1, if¢ # 7,

Theorem 7.5 (Corollary 6.6, [Adal3]). For anyn =3 and 0 <1 < %, there are homotopy
equivalences

20+1 o I+1 _
St zleH<—<—2l+3f0rsomel—0,l,---,

VR, =
| (= {\/n_%_l $*, if L= 2l+1 for some 1 =0,1,---

For any integer k = 5n, |VRg(C,,)| is contractible.
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Forne Z-sz3and r=0,---, [gJ, we denote the following r-loop in C), as

Y= 0r(r+1)---(n—1)0.
Although ~, depends on n, for simplicity of notation we do not specify n unless necessary.

Proposition 7.6. Fiz n € Z3.

(1) Let |z| denote the largest integer less than or equal to x. Then
PIL(C,) = PHY™(C,) = Z[1,[252]) .
n—1

Furthermore, forr =1,---,|%5*|, a generator of PI{(C,) is [y,],.

(2) We have pseudo-ultrametric space
L(Cn) = {[70]7 [’ij]u [’YS] = 17 R [TLT_lJ7S = [HTHJ7 T [%Jak €L — {0}}7
with the pseudo-metric u(cli given by: for k. k' € Z — {0},

0, ifr=1r"=0
W[ D) = {max {252}, i =0, 21
max{r, '}, otherwise.

Proof. For Part (1), we first apply Theorem 7.5 to obtain that |[VR,(C,)| = S'iff 1 <r <
| 22| and PII}(C,) = PHY™"(C,) = 0 otherwise. Clearly, a generator of PII}(C,,) is [1]1.
Since the girth of C), is n, Proposition 7.4 implies that the inclusion VR;(C,,) — VR,.(C,)

induces an isomorphism
PH%(Cn) — PII{(Cy,) with [v1]1 = [0l = [l

forr =1,---,|%5|. Thus, [,], is a generator of PII{(C,,) for r = 1,--- | 25].

For (2), we first notice that the possible birth times of discrete loops in C,, are 0,-- -, [@J

2
and each ~, has birth time r. For r = 0 or [”T”J, cee [gJ, because Part (1) implies that

PII}(C,) = 0, by Proposition 7.2 we then have
L™(Cn) = {1}

When r=1,---, [”—”J, we claim

L'(Cy) ={[*"] ke Z—{0}}.

It is clear that {[v**]: ke Z — {0}} = L"(C,), so it remains to show that any discrete loop
with birth time r is r-homotopic to 4" for some k € Z — {0}, which is true because PII}(C,,)

is generated by [v,],. The calculation of “82 is straightforward, given Proposition 7.4. [

Remark 7.7. Note that <L(Cn) , u(cl 2 > can be represented by the generalized subdendrogram
depicted in Figure 7, where the pseudo-ultrametric induced by the generalized subdendro-
gram (see Page 17) agrees with /L(Cli

Now let us apply Proposition 7.6 to the cases n = 3 and 4. It follows that PII;(C5) = 0,

and <L(C’3) , u(clg)) is a two-point pseudo-metric space given by the distance matrix

Koy =

(Ulo 1][70] '
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L(Cy)
[Vinsa] |

[Nnr2y31] |

FI1GURE 7. Generalized subdendrogram over
zero integers for each [y*] when r =1, , ["TJ

Similarly, we have PII;(Cy) = Z[1,2). The corresponding generalized subdendrograms over
L(C3) and L(Cy) are depicted in Figure 8.

L(Cy)
L(C3)
] |
[71] [,yikk] 15
[70] [Yo] |
1 1 2

FIGURE 8. Generalized subdendrogram over L(Cs5) (left) and L(Cjy) (right).

Proposition 7.8. Fiz n € Z-3. Then,
(1) PILi(5,) = 0;
(2) L(S,) = {[Xo], [M], [Ma]}, where Ao = 0, Ay = 010 and Ay = 0120. And the pseudo-
metric ,u(Sln) s given by the distance matrix

[Mo]  [AM] [Ae]

0 0 1 2 7 ol
s, :[ 1 2 ] [A1]
2
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Proof. The possible birth times of discrete loops in S,, are 0,1 and 2. Since S, is a finite
tree, by Proposition 7.3 we have PII{(S,,) = 0 for all . It then follows from Proposition 7.2
that there is only one equivalence class for each possible birth time, which are Ay, A; and
Ag. O

The corresponding generalized subdengrogram over L(.S,) is depicted in Figure 9.

FIGURE 9. Generalized subdendrogram over L(S,,).

Next we compute the Gromov-Hausdorft distance between cycle graphs and star graphs,
and then compare it with several distances given in Proposition 7.11.

Proposition 7.9. For m,n € Z=3, we have

2([5]-1), #m=s
deu(Ch, Sp) = < 1, if3<m<5andm<n-—1,
% if3<m<5andm=n—1.

Remark 7.10. Exactly same statement in Proposition 7.9 is true for d¥((Cin,0), (S,,0))
as well, because the proof still holds if we require all tripods to be pointed, i.e., containing
(0,0).

Proposition 7.11. For m,n € Z=3, we have the following:

(1) dgn ((Cm,ugD , <Sn,u(s?>> = % when m # n, and 0 otherwise.

(2) 3 - dx(PTL(Crn), PIL(S,)) = 5 - d(dgmy (Crn), dgmy (Sn)) = § - (| %52] = 1).
Remark 7.12. Since Proposition 7.9 implies that dgn (Cy, S,) — 0 as m — o0, we can see

that the value given by Proposition 7.11 (1) is not ideal as a lower bound for dgu(C,, Sy)-
Although strictly less than dgu(Chy, S,), Proposition 7.11 (2) increases to infinity as m — co.

Proof of Propositz’on 7.9. The proof is divided into four cases:

(a

) m
(b )m>4andm n—1.
(c) m=4orb5 andm<n-—1.
(d) m = 3.
To distinguish points in C,, and S,,, we will write the vertex set of C,, as {0,1,--- ,m — 1}
and the vertex set of S, as {0,1,--- ,m — 1}. For any two positive integers [ and k, by
[ mod k we will mean the remainder of the Euclidean division of [ divided by k.
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When m > 4, diam(C,,) = |2| = 1 = rad(S,) and each point in C,, has an antipode.
Thus, we can apply Proposition 3.6 to obtain

o (13- 1) <dan(Cn.S0) < 5 - |5 (13)
For case (a): m = 6, we claim that dgu(Ch, Sn) = - (|2] - 1). Because of Equation

m
2

|de,, (i1,12) — dsn(.71u.72)| < [
Given m > 6, it is always true that V(i1, 7,), (i2,J2) € R,
| 2] < =2 < de,, (i1,42) — ds, (31, F2) < |Z]. (14)
Since the leftmost inequality of Equation (14) is strict, we have that
de,, (i1, 12) — ds, (J1,J2)| = [%J?
iff de,, (i1,42) — ds, (31,32) = [%J?
iff de,, (i1,i2) = | 2| and dg, (4;,42) = 0.

Therefore, to construct a tripod R with dis(R) < [%J — 1, it suffices to construct a tripod

where any pair of antipodes in C),, do not correspond to the same point in S,,. More precisely,
R shall satisfy the condition:

V(il,j1>, (i27j2> € R7 if dcm(ihiQ) = [%JJ then jl 7 j2' (*)
Suppose m = 2k for some k > 3. When m > n, we define a tripod R; between C,, and
S, by
Ry :={(i,2¢ mod n),(k+1i, (2¢4+1) modn) :i=0,--- ,k—1}.
When m < n, we define a tripod Ry between C,, and S, by
Ry = {(i mod m, 23), ((k + i) mod m, 24 + 1) : L5}

0,-
Next we assume m = 2k + 1 for some integer £ > 3. When m > n, we define a tripod R3
between C,, and S,, by

Rs :={(0,0),(k —1i,(2¢ +1) mod n),(m —4,2d mod n) : i =0, - k—1}.
When m < n, we define a tripod R4 between C, and S,, by

Ry = {((k — i) mod m, 24 + 1), ((m — i) mod m, 22) : i = 0,--- ,|25*]|}.
It can be directly checked that Ry, Ry, R3 and R, are tripods satisfying Condition ().
For case (b): m > 4 and m > n — 1, we claim that den(Cn,S,) = 3 - (|Z] - 1).

Let k = %J Because of Equation (13), it remains to construct a tripod R such that

dis(R) < |%] — 1. We will use the same constructions Ry, R, R3 and Ry as case (a) in

corresponding cases. Indeed, when m is even, we use Ry if m > n and Ry if m = n—1; when

m is odd, we use Rz if m > n and Ry if m =n — 1. Assume [ = 1,2,3,4. Let ¢; and iy be

any two points from C,,, and suppose (i1,J,) are (ia, jo) in Ry. If iy = i; + k, then it can be

checked that

0<k—2<dc,(ini2) = ds,(j1,52) Sk — 1. (15)
If dcm(il,ig) < k— 17 then

—(k—=1) < -1<dg,,(i1,%2) —ds,(J1,J2) <k —1. (16)
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The second inequality of Equation (16) is true because when i; = iy # 0, we always have
J1 = Jo due to the construction of R;, and when i; = iy = 0, we have dg, (§1,7,) < 1 (for Ry
and Ry, this argument relies on the condition m = n — 1). By Equation (15) and Equation
(16), we have dis(R;) < k — 1.

For case (c): m =4 or 5, and m < n — 1, we claim that dau(Cin,S,) = 3 -|2| = 1. By
the upper bound from Equation (13), it suffices to show that for each tripod R between C,,
and S, dis(R) = [%J = 2. By the pigeonhole principle, since m < n — 1, there must be
two elements ¢, € {1,---,n — 1} such that ({,2),(l,5) € R for some [ € C,,. Therefore,
dis(R) = dg, (¢,7) = 2.

For case (d): m = 3, since diam(C3) = 1 and diam(.S,,) = 2, Proposition 3.5 implies that
=11 =2] <dcu(Cp, Sn) < 5 -max{1,2} = 1.

If m < n—1, we can apply the pigeonhole principle as in case (c), to show each tripod
between C,, and S,, has distortion 2. Thus, dgu(C)y,, Sy,) reaches the upper bound value 1.
Ifm=>=n-1,ie,n=3or4, we claim that dgu(C,, S,) = % by constructing tripod with
distortion 1. Indeed, we can again utilize the construction Rz for n = 3 and R, for n = 4.
It is not hard to verify that their distortions are both 1. O

Proof of Proposition 7.11. For (1), we first notice that (C’m, N(CO,)n> ~ (E,,,dg,,) and (Sn, ,ug)g)) ~

(En,dg,), where the metric space (E,,dg,) is given in Page 50. When m = n, it is clear
that deu ((En, dg, ), (Ey,dg,)) = 0. When m # n, suppose without loss of generality that
m > n. We claim that

deu ((Em, dEm)’ (Env dEn)) = %

By Proposition 3.5, dan ((En,dg,,), (Ey,dg,)) < 4. It remains to show that 3 is also a
lower bound for dgy ((Em,dg,,), (En,dg,)). Given any pointed tripod R, as E,, has more
points than FE,, some distinct points in £}, must correspond to the same point in F,. Thus,
dis(R) >1-0=1.

For Part (2), note that

di(PT1(Cpn), PIL(S,)) = di(PHY ™ (Crn), PHVR( n) =

dp(dgmy (Crn), dgm, (Sy)).-
It follows from Proposition 7.6 (1) that dgm,(C,,) = {(1, =2
1(S )

J)} for m > 3 and ¥ for
. Thus,

)

3
m = 3, and from Proposition 7.8 (1) it follows that dg =

dg(dgm, (Cy,), dgm,(S,)) = 5 - (|2
0

7.2. Discretization of S!. Let the unit circle S! be embedded into the complex plane with
the center at 0, i.e., S' = {z € C : |z] = 1}. Again, we equip S' with its geodesic metric d.
For n € Z=g, we consider the metric subspace of (S', d):

2mik
A, = {e n :k:e[n—l]},

where ¢ = y/—1. For simplicity, we write A,, = {0, 1,--- ,n—1} and assume 0 is the basepoint.
Also, we denote d|a, xa, by d, and note that (An,dy) = (Cy, Zdg,). For example, Figure
10 shows the graphs corresponding to Az and Ay.

Proposition 7.13. We have the following:
(1) dGH((A37 d3)7 (A4, d4)) = %
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FIGURE 10. Graphs of Aj (left) and Ay (right).

(2) dcu ((AS,NA:),) ’< ’N(AOD) -

(3) deu (< uA3> : (L(A4) “(AD) =z
(4) 3 - d(PTI (Ag) PTI1(A4)) = § - di(dgm, (Ag), dgm, (A4)) =

8
Proof. For (1), we first note that Im(dg) = {0,%} and Im(ds) = {0, %, 7}. For any pointed

tripod R : (As,0) «i Z L» (Ay4,0), we have

2 = min {7 — —-0} < max |ds(d(2), ¢(2')) — da((2),9(2"))] < dis(R),

since A4 has more elements than Ag. It follows that dgu(As, Ay) = 7. Next we construct
s

a tripod R whose distortion is 7, by first defining two set maps f and g as in Figure

11. We set Z = Az 1 Ay, and define set maps ¢ = (Ida,, f) : Az u Ay — Ay and
¥ = (g,1da,) : Az u Ay — Ay, This forms a pointed tripod R. By direct calculation, we
obtain dis(R) = 7.

Z &l

FIGURE 11. Two set maps f:{0,1,2} — {0,1,2,3} and ¢ : {0,1,2,3} — {0, 1,2}.

For (2), apply a similar argument as in Part (1): since A4 has more elements than As,
any pointed tripod R satisfies
7 =75 —-0<dis(R).

It follows that gy ( (s, 1)) (A4, 48)) ) = 3. Tosee that danr ((As, 1)), (21, 18)) ) =

o
R asin (1). With the metrics ,u(AOi and ,u(Aoi, a direct calculation shows that dis(R) = 7.
For (3), we first apply Proposition 3.5 to see that

don ((L(20).118)) - (L&) 48)) 2 4 (r = %) = 5.

we utilize the same set maps f and ¢ given in Figure 11 and construct the same tripod
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Next we construct a tripod R whose distortion is %, by first defining two set maps f and
g as in Figure 12. We set Z = L(As) u L(Ay), and define set maps ¢ = (Idp(a,), f) and
¥ = (g,1dL(ay)). These define a pointed tripod R, with dis(R) = %.

L(As) L(A4) L(As) L(Ay)

f g

—_| "g

FIGURE 12. Two set maps f : L(A3) — L(Ay4) and g : L(Ay) — L(As3).
Recall from Page 51 that in the cycle graph C,,, we defined the discrete loop 7,
forr=1,---, [”T_lj As A,, and C,, have the same underlying space {0, - ,n—
1}, the notation 7, can be inherited. Although =, depends on n, we will not
specify n in the notation when the concept is clear. The dots in L(Ay) represent
[vi*] for integer k # 0, 1.

For (4), because (A, d,) = (Cy, Zdc,), we have
PII;(A3) = 0 and PIL(Ay) =Z |2, 7).
Therefore, dgm, (Az) = & and dgm,(Ay) = {(5,7)}. It follows immediately that
di(PIL;(A3), PI1; (A4)) = dy(PHY™(A3), PHY™(A4)) = dp(dgm, (As), dgm, (Ay)) = %.
U

Remark 7.14. The symmetry property of (A,,, d,,) guarantees that dgu((As, ds3), (A4, dy)) =
A2 ((A3,0,d3), (Ag,0,dy)). In Theorem 4.3, Theorem 4.23 and Theorem 6.3, we have proved

that (2), (3) and (4) are lower bounds of (1), the Gromov-Hausdorff distance, under certain
restrictions.
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